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Abstract

We consider an algebraic D-module M on the affine space, i.e. a system of linear partial
differential equations with polynomial coefficients. We give an algorithm for computing the
cohomology groups of the restriction of M to a linear subvariety by using a free resolution
of M adapted to the V-filtration. Our algorithm works, at least, if M is holonomic. As
applications, we obtain algorithms for computing tensor product, localization, and algebraic
local cohomology groups of holonomic systems.
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1 Introduction

The purpose of this paper is to describe algorithms for computing various functors for alge-
braic D-modules, i.e. systems of linear partial differential equations with polynomial coeffi-
cients. The algorithms enable us to perform actual computations (with limitation caused by
the complexity) by using e.g. a program kan [41] developed by the second author, as well as
to establish theoretical computability of some fundamental functors in the D-module theory.

Let K be an algebraically closed field of characteristic zero and let X be the affine space
K™ with a positive integer n. We denote by Ox and Dx the sheaves on X of rings of regular
functions and of algebraic linear differential operators respectively (cf. Bernstein [3], Bjork
[4], Borel et al. [5]). Let M and N be coherent left Dy-modules.

Various functors are defined for (especially for holonomic) D-modules and play the fun-
damental role (see [3],[4],[5] and also e.g., [15], [17], [18], [25] for their analytic counterparts).
Among such functors, we are concerned with the following:

(1) The cohomology groups of the restriction M3, := Oy ®, M of M to Y as left Dy-
modules, where Y is a non-singular subvariety of X and ®” denotes the left derived
functor (cf. [13]) of the tensor product.

(2) The cohomology groups Ext}, (M, K[[z1, ..., x,]]) with coefficients in the formal power
series solutions of M, which equal to those with coefficients in the convergent power
series solutions if M is regular holonomic (cf. Kashiwara-Kawai [20]).

(3) The tensor product M ®¢, N and, more generally, the torsion groups Tor ¥ (M, N),
as left Dy-modules.

(4) The localization M[f~'] := Ox[f™!] ®oy, M of M as a left Dy-module, where f €

K|[zq,...,x,] is an arbitrary non-constant polynomial.

(5) The (algebraic) local cohomology groups Hfy1(M) with support Y as left Dx-modules,
where Y is an arbitrary algebraic set of X.

It was proved by Kashiwara [15] that these are all holonomic systems (the second one is a
finite dimensional vector space) if M and N are holonomic.

Let us remark that if K = C and M is Fuchsian along Y in the sense of Laurent and
Moteiro-Fernandes [23], which is the case if M is regular holonomic in the sense of [20], then
there exists an isomorphism

RHOmDX (M,O?(n)‘Y =~ RHomDy( ;/JO?/H>

in the derived category of sheaves of C-vector spaces; here OF and Of" denote the sheaves
of holomorphic functions on X and on Y respectively, and RHom the right derived functor
of Hom . Thus roughly speaking, v corresponds to the system of partial differential
equations which the solutions of M restricted to Y satisfy. Similarly, M &, N corresponds
to the system which the product of solutions of M and of N satisfies.

As was observed by Castro [7] and Galligo [12] and was developed by many authors (e.g.
[39], [40], [28], [29], [30], [1], [36]) the notion of Grébner basis and the Buchberger algorithm
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[6] are essential in the algorithmic study of D-modules as well as in computational algebraic
geometry (cf. [9], [10]). By using Grobner bases for the Weyl algebra, we give algorithms
for computing the objects listed above under some conditions on M and N, which are
certainly satisfied if M and A are holonomic. These algorithms also apply to the analytic
counterparts of these functors as long as the input D-module is defined algebraically.

We first give an algorithm for the restriction (Algorithm 5.4) when Y is a linear subvariety
of arbitrary codimension under the condition that M is specializable along Y, which is the
case with an arbitrary holonomic Dx-module M. Here M is specializable along Y by
definition if and only if there exists a nonzero b-function, or the indicial polynomial of M
along Y. We also give an algorithm to compute the b-function (Algorithm 4.6).

Our method consists in computing a free resolution of M that is adapted to the so-called
V-filtration associated with Y. Such a free resolution tensored with Dy_ x := (Dx)} gives

v, but it is not a complex of coherent Dy-modules in general. Then we use information on
the integral roots of the b-function to truncate the complex and obtain a complex of finitely
generated free Dy-modules. The first author gave in [32] an algorithm for the case where Y
is of codimension one without using free resolution.

This algorithm for the restriction also solves the other problems listed above by virtue of
some isomorphisms provided by the D-module theory, especially those described in [15],[25].
See Algorithm 6.2 for the tensor product, Algorithm 6.4 for the localization, and Algorithm
7.3 for the algebraic local cohomology groups. Finally the computation of the restriction for
the general case where Y is not necessarily linear reduces to that of local cohomology through
the so-called Kashiwara equivalence [15], which claims the equivalence of the category of
coherent Dy-modules and that of coherent Dy-modules supported by Y.

Algorithms for the local cohomology groups have been given in [32] when Y is of codi-
mension one, and by Walther [42] under the assumption that M is saturated with respect
to Y. See [34] for another localization algorithm, which applies to the case where M is
holonomic only on X \ {f = 0}.

As a direct application of the restriction algorithm, we obtain an algorithm for computing
the cohomology groups of the integration of a module over the Weyl algebra. This enables
us, e.g. to compute the de Rham cohomology groups of some algebraic varieties. See [33]
for details.

In Sections 3 and 9, we discuss how to get the free resolution mentioned above. For that
purpose, we apply Schreyer’s method for free resolution in the polynomial ring (see e.g. [10])
to the ring of differential operators. In doing so, we need some modification because of the
non-commutativity and the fact that the term order we use is not a well-order. We have
two methods to cope with this difficulty: one is the homogenization with respect to the V-
filtration by the first author (]29],[30]), and the other is what we call the homogenized Weyl
algebra which was introduced and implemented by the second author in the 2nd version of
kan/smi [41] that was released in 1994, but has not been published in the literature. We
discuss the first method in Section 3 and the latter method in 9 in a more general situation
than the V-filtration; i.e. for the filtration defined by a general weight vector. Methods
similar to the latter one were also employed by Castro-Jimenez and others (implicitly in [1]
and explicitly in [8]) and applied to the computation of the slopes of a D-module.

In Section 10, we give a criterion for a free resolution to be adapted to the filtration



defined by a general weight vector. In particular, we prove that being a standard base in the
sense of Robbiano [35, Definition 3.1] and Mora [26, p.6] is equivalent to being an involutive
base (Definition 10.1). We expect that this serves as a theoretical basis for obtaining as
small adapted resolution as possible.

We have implemented the algorithms by using kan/sm1 [41] for computations of Grébner
bases and free resolutions (as Schreyer resolutions) in the Weyl algebra, and Risa/Asir [27]
for factorization and primary decomposition in the polynomial ring.

2 V-filtration and adapted free resolution

Let K be an algebraically closed field of characteristic zero. We fix positive integers d and n.
Let X be the affine space K" with the coordinate system (¢,7) = (t1, ..., tq, T1, ..., T,). We
denote by 0y = (04, ..., Or,) and 0y = (Oyy, - . ., O, ) the corresponding derivations with 0,, =
9/0x;, 0y, = 0/0t;. We use the notation z® := 2" --- a0, 07 == 90 .. 9o th = th" - - tl)?,
oy =07 -0 for a = (av1,...,), B = (B1,...,0,) € N and pp = (pt1,...,ta), v =
(v1,...,vq) € N where we put N := {0,1,2,...}. We also use the notation |a| := a; +...+
Q.-

Let Y be the d-codimensional linear subvariety of X given by Y := {(t,z) € X | t = 0}.
Let Ox and Oy be the sheaves of regular functions on X and on Y respectively. We denote
by Dx and Dy the sheaves of rings of algebraic linear differential operators on X and on Y
respectively.

Let M be a coherent left Dx-module on X. Then the set of the global sections M :=
['(X, M) is a finitely generated left module over the Weyl algebra D4, := I'(X,Dx). Con-
versely, for a finitely generated left Dy, ,-module M, its sheafification M := Dx ®p,,, M is a
coherent Dx-module. More precisely, this correspondence gives an equivalence between the
category of finitely generated Dgi,-modules and that of coherent Dy-modules (cf. [3],[5]).
Hence we could work only in the first category. However, as to e.g., the restriction functor,
it would be preferable to work in the latter category since a coherent Dy-module can be
specializable along some Zariski open subset of ¥ but not along whole Y (cf. Section 4). In
any case, actual computations are done for modules over the Weyl algebra.

In the sequel, we define the notion of free resolution adapted to the V-filtration. Let
Dx|y be the sheaf theoretic restriction of Dy to Y. Let Jy := Oxt; + ...+ Oxtq be the
defining ideal of Y. Then for each integer k we put

F§(Dx) = {PeDxly|P(Jy) € (Jy) ™" foranyj>k}
= {P=3 3 ap(t,2)30° | I,m €N, a,u(t,z) €
[v|<l|BI<m

with the convention J;. = Ox for j < 0. This is called the V-filtration attached to Y~ (cf.
[16],[24]). More generally, given an r-vector m := (my, ..., m,.) of integers, we put

Fm)(Dy) = 69 FE™ (Dy)e,



where ey,..., e, are the canonical generators of D%. We may assume that M has a pre-
sentation M = D% /N on X, where N is a coherent left Dx-submodule of D%. In fact,
M :=T'(X, M) can be written in the form M = D}, /N with an integer r and an Dgy,-
submodule N of D}, .. Then N :=Dx ®p,,, N satisfies the above property. Let u; be the
residue class of e; € D% in M. Then for m € Z", we put

Fy[m](V) = NN Fy[m](DY),
Ffm)(M) = F™(Dx)us + -+ FY " (Dx)u,

for each integer k € Z. The graded ring and modules associated with these filtrations are
defined by

gry(Dx) = @ F(Dx)/Fy ' (Dx),
gry [m|(Dy) = RGEZF’C )/Fy~ m] (DY),
gry [mj(M) = ]@Fﬁ[m](M)/Fﬁfl[m](M)

Then gry [m](N) and gry [m](M) are coherent left gry (Dx )-modules. If m is the zero vector,
we shall omit the notation [m)].
For a nonzero section P of Dy, let k = ordy [m](P) be the minimum k € Z such that
P € FEm](D%). (We put ordy[m](0) := —o0.) Then let oy[m](P) be the residue class of
P in
gry [m| (DY) := Fy[m](D)/Fy~ ' m](Dk).

Definition 2.1 Let M = D% /N be as above. Let us consider a free resolution (i.e., an
exact sequence)

of M, where 1); are homomorphisms of left Dyx-modules, and ¢ is defined by ¢(e;) = u; for
i =1,...,m9 with 7o = r. This free resolution is said to be adapted to the Fy [m]-filtration if
and only if there exist vectors m; € Z™,....m; € Z" such that

Vi (Fy [mya] (DY) € Fy[my](DY)

holds for j =0,1,...,0 — 1 with mg = m and that (2.1) induces an exact sequence

ey [m](D}) 25 - 2 ey [my (DY) 5 gry [m] (D12) 2 gry [m](M) — 0

of gry (Dx)-modules. We call my,...,m,; the shift vectors associated with the free resolution
(2.1).

The definition above is general in the sense that it is local and also applies to the analytic
case (cf. Section 8). However, from the computational viewpoint, working in the Weyl algebra
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would be more convenient: Let D, and Dy, be the Weyl algebras on the n variables x and
on the d + n variables (,z) respectively with coefficients in K (cf. [4]). Put L := N2(d+n) =
N7 x N4 x N™ x N". An element P of D}, is written uniquely in a finite sum

P = Z Z auyamt“@”xa@fei (2.2)

=1 (p,v,0,8)€

with aueps € K, €1 :=(1,0,...,0),...,e, :=(0,...,0,1). Put

FE(Dain) = {P= 3 Y aus(@)t"0/0? € Dyyy | aup(x) € K[z]},

[v|—lul<k B
F}lﬁ[m]<D:l+n) = @F)Ij_mi(Dd—l—n)eia
i=1
Ff[m](N) = NnNFm|(Dy,,),
FEm)(M) = F ™ (Dain)us + -+ + FF™ (Dagn ),

where u; is the residue class of e; in M. The graded ring and modules gry (Dg,,), gry [m](D},,,),
gry [m](N) and gry [m](M) are defined in the same way as for Dy.
The following lemma follows immediately from the definition:

Lemma 2.2 In the notation above, we have

gry [m](NV) = gry (Dx) Qgr, (Dayn) 8y [m](V).
By using this lemma and the flatness of Dx over D,,, we can easily get the following:

Proposition 2.3 Let
Difey 5 Dz 7o 5 Dl 5 Dy 5 M 0 (23

be a free resolution of M adapted to the Fy|m]-filtration, i.e., 1; are homomorphisms of
left Dgyn-modules, ¢ is defined by p(e;) = u; for i = 1,...,r9 with ro = r, and there exist
m; € Z™,..., my € Z" such that

Vi (Fymyn](D) © Fy[my) (DY)

holds for j =0,1,...,1 — 1 with my = m and that (2.3) induces an exact sequence

r Y 9. 1 v r [
gry [my) (D) — -+ = gry [m|(D,) — gry [mo] (Dff,) == gry [m](M) — 0

of gty (Dayn)-modules. Under this assumption, the exact sequence (2.3) tensored by Dx from
the left gives a free resolution of M adapted to the Fy[m]-filtration.

Definition 2.4 Let N be a Dgy,-submodule of Dy, . Then a subset G of N is said to be an
Fy [ml-involutive base of N if G generates N and {oy[m]|(P) | P € G} generates gry [m](N)

in gry [m](Dg,,).



In Section 10, we shall prove the following equivalence in a more general situation (The-
orem 10.7):

Theorem 2.5 Let M and m be as in the preceding proposition. Consider an exact sequence
(2.3) and vectors my € Z™ ..., m; € Z" such that

Vi (F¥[my (D)) € Fy[my|(Dg,.,)
holds for j =0,1,...,0l—1 with mg = m. Then the following three conditions are equivalent:

(1) The resolution (2.3) is adapted to the Fy[ml]-filtration.
(2) For each k € Z, the sequence
FY (D) = - =5 B ma)(Dj,) = FEmol(Df,) — Ffm](M) — 0
is exact.

(3) Letel”, ... , el be the canonical generators of Djj,,,. Then {@Di(ey)), o thi(eD)} ds an
Fym;_1]-involutive base of Ker1;_1 for each i =1,2,... 1 with ¢y := .

Note that the implications (2) = (1), (2) = (3) are trivial but the others are not.
However, we do not need this theorem in the following sections; it possibly concerns the
problem of how to get an adapted resolution as small as possible, in connection with the
Schreyer resolution discussed in Section 9.

3 Adapted free resolution by V-homogenization

The purpose of this section is to show that Grobner bases homogenized with respect to the
V-filtration provide a free resolution adapted to the V-filtration. An alternative and more
efficient method will be described in Section 9.

We fix a natural number r and a vector m € Z". Let < be a well-order (i.e. a linear
order) on L x {1,...,r} which satisfies

(é,) < (8,5) implies (G +7,4) < (B+7.J)
for any &, 3,7 € Land i,j € {1,...,r}. (3.1)
Then we define a total order <g on L x {1,....7} by
(/“L7 I/,Oé,ﬁ, l) =F (:U’lv V/7O/76/7j) if and Only if

v — pu|+m; < |V — p!| +m; or else
|V _M| +m; = |V/ _:u/| +my, (M? V,Oz,ﬁ,i) = (Nla’//va/76/7j)' (32)

Let P be a nonzero element of D}, which is written in the form (2.2). Then the leading
exponent lexpp(P) € L x {1,...,r} of P with respect to <p is defined as the maximum
element of {(u,v,,B,1) | Guapi # 0} in the order <p. Moreover, for (u,v,a,f3,i) =
lexpy(P), the leading coefficient of P is defined by lcoefp(P) := a,uapi- The set of leading

exponents Ep(NV) of a subset N of D] is defined by

Ep(N) := {lexpp(P) | P € N\ {0}}.



Definition 3.1 A finite subset G of a left Dy ,-submodule N of D7, is called a Grobner
basis of N with respect to < (or an F[m]-Grébner basis) if G generates N and

Ep(N) = | (lexpp(P) + L)

holds with the notation . .
(@9) + L=A{(a+p,9)[0eL}
forae Landie{l,...,r}.
We define an order <z on N x L x {1,...,r} by

(A, @, i) <g (N, &, 1) if and only if A < A or else
)\ = )\/7 ()\7 é/{72) < <)\,7 &,7j>7 (3'3)

where \, N € N, &,&’ € L and i,j € {1,...,r}. It is easy to see that <y is a well-order and
satisfies

Lemma 3.2 If |[v — pu|+m; — A= |V — p/| + mj — X, then we have

()\7/'6) V,O(,ﬁ,i) <H (A,7,U’,7 V/7O/76,7j)

if and only if
(H’) V,O[,ﬁ,?:) =<F (Iu“laylaa/aﬁ/vj)'

We introduce an indeterminate ¢y which commutes with any element of D,,,, in order to
define the homogenization.

Definition 3.3 An element P of Dy, [te]" of the form

P=>" 3" aywasitot"z*0;0le;

=1 A\ ,v,0,3
is said to be F[m]-homogeneous of order k if ay,nap = 0 whenever |v — u| — A +m; # k.
Definition 3.4 For an element P of D}, of the form (2.2), put
k= min{|v — p| + m; | auvag # 0 for some o, B}.

Then the F|m]-homogenization h(P) € Dgy,[to]” of P is defined by

WP) =33 gty T 00 0%,

,L::l /;L,U,CV’B

Then h(P) is F[m]-homogeneous of order k.

When m is the zero vector, we simply say F-homogeneous instead of F'[m]-homogeneous.

7



Lemma 3.5 If P € Dyy,[to] is F-homogeneous and QQ € Dgi,lto]” is F[m]-homogeneous,
then PQ is F[m]-homogeneous.

Lemma 3.6 For P,...,P, € D}, put P = Py+---+DB. Then there existl,ly,...,l[, € N
so that
toh(P) = thh(P) + - - + tF h(Dy).

Letusdefinew : NxLx{1l,...,r} — Lx{1,...,r}byw(\ p,v,a, B,i) = (u, v, o, 3,7).
For a nonzero element P = P(ty) of Dgy.,[to]”, let us denote by lexp, (P) € Nx Lx{1,...,r}
and lcoefy (P) € K the leading exponent and the leading coefficient of P with respect to
<H-

Lemma 3.7 (1) If P(ty) € Daynlto]” is F[m]-homogeneous, then we have lexpr(P(1)) =
w(lexpy (P(to))).

(2) For any P € D}, , we have lexpp(P) = w(lexpy (h(P))).
Since the Buchberger algorithm preserves the F'[m]-homogeneity, we have

Proposition 3.8 Let N be a left Dyp[to]-submodule of Dgyn[to]” generated by F[m]-homogeneous
operators. Then there exists a Grébner basis with respect to <y of N consisting of F|m]-
homogeneous operators. Moreover, such a Grobner basis can be computed by the Buchberger
algorithm.

The following proposition can be easily proved in the same way as [30, Theorem 3.12]

Proposition 3.9 Let N be a left Dyy,-submodule of Dy, generated by Py,..., P € Dj,,,.
Let us denote by h(N) the left Dgynto]-submodule of Dy n[to]” generated by h(Py), ..., h(P).
Let G = {Q1(to), ..., Qk(to)} be a Grobner basis of h(N) with respect to <y consisting of
Fm]-homogeneous operators. Then G(1) := {Q1(1),...,Qk(1)} is an F[m]-Grébner basis
of N.

Thus we have an algorithm of computing an F[m]-Grébner basis for an arbitrary shift
vector m € Z". We can prove the following in the same way as [30, Proposition 3.11]

Proposition 3.10 Let N and Q;(ty) be as in Proposition 3.9 and put N := Dx ®p,,, N C
D%. Then for any germ P of N at p € Y, there exist germs U; of Dx at p such that
P=U,Q:(1)+ - + UrQx(1) and ordy m|(U;Q;(1)) < ordy [m]|(P) for j =1,..., k.

If the leading exponent of P € Dgy,[to]” is lexpy (P) = (A, &,1) € Nx Lx {1,...,r}, we

define the leading position lp,(P) of P by i. For &, € L and i € {1, ...,7}, we put

(d, Z) V (ﬂ, Z) = (max{fvl, Bl}a PN max{&2d+2n, B2d+2n}a Z),
(i) + (B,9) = (a+0,1).



Let N and Q,(to) be as in Proposition 3.9 and put A := {(¢,7) | 1 <i < j <k, lpy(Qi(ty)) =
Ipy(Q;(to))}. For (i,7) € A, let Si;(t0), Sji(to) € Datnlto] be monomials such that

lexp (S;i(to)Qi(to)) = lexpy (Sij(t0)Q;(to)) = lexpy (Qi(to)) V lexpy (Q;(t0)),

lcoef 7 (Si(t0)Qi(to)) = leoef 5 (Si;(t0)Q;(to))-

Then by the division algorithm, there exist F-homogeneous Uyji(tg) € Dginlto] so that we
have

k
Sji(to)Qi(to) — Sij(to)Q;(to) = ZUzjl to)Qi(to)
=1
and either Uj;(ty) # 0 or else

lexp g (Usji(to)Qi(to)) <mr lexpy (Qi(to)) V lexp(Q;(to))

foreachl =1, ..., k.
The proof of the following proposition is similar to that of [30, Theorem 3.13]:

Proposition 3.11 In the same notation as in Proposition 3.10, the left Dgi,-module

Syz(Qi(1), ..., Qu(1)) == {(U1, ... U) € Dy, | U1@1(1) + -+ + Up@i(1) = 0}
is generated by {Vi;(1) | (i,7) € A} with

(@)

)
Vij(to) == (0,...,S5(to), ..., —=Sij(to),...,0) = (Uii(to), - - ., Usjr(to))-

Now let us describe an algorithm for computing a free resolution of M which is adapted
to the filtration Fy [m] (cf. Proposition 2.3). Let N be a left Dgy,-submodule of D}, such
that M = D}, /N.

First, starting with a given m € Z", let {Py,..., P,,} be an Fy[m]-Grébner basis of N
constructed as in Proposition 3.9. Put

m; := (ordy[m](P,),...,ordy[m](P,))
and define ¥y : D}, — Dj., by
1/}1(Q1, ceey er) = lel + 4 QT1PT1'

Then we get a set of generators of the kernel Ker ¢y by using Proposition 3.11.

By the same procedure as above with N, r, and m replaced by Kery, ry, and m;
respectively, we obtain a homomorphism 5 : Dgin D}, so that Im vy = Kert;. In view
of Propositions 3.10 and 3.11, the sequence

T 1/12 r 1111 r
is exact for any k£ € Z with my € Z™ defined by

my = (ordy [my](¢a(1, ..., 0)), ..., ordy [my](¢s(0, . .., 1))).

Proceeding in the same way, we can obtain a free resolution (2.3) which is adapted to the
Fy [m]-filtration for any given [ € N.



4 The b-function of a D-module

Let M be a left coherent Dx-module on X. We assume that a left D,,-submodule N
of Dy, is given explicitly so that M = Dx ®p,,, M holds with M := Dj, /N. Set
N :=Dx®p,,, N C Dx. In this and the following sections, we restrict ourselves to the case
m = (0,...,0) € Z" and omit the notation [m|. Then the Fy-filtrations and the associated
graded rings and modules are defined as in the previous sections with wuq,...,u, being the
residue classes in M (or in M) of the canonical generators of D}, (or of D). Then, for
any k € Z,
gr (M) = FE(M)/FE (M)

is a left gr{,(Dx)-module and we have
gry (M) = gr}-(Dx )gry (M)

We put ¥ := 10, +- - - +140,,. This is the unique vector field modulo F;l(DX) that operates
on Jy/ j& as identity. Let 6 be a commutative variable corresponding to 9.

Definition 4.1 The b-function (or the indicial polynomial) b(0,p) € K[f] of M along Y
with respect to the filtration Fy at p € Y is the monic polynomial b(6, p) € K[0] of the least
degree, if any, that satisfies

b0, p)ery (M), = 0.

If such b(6,p) exists, M is called specializable along Y at p. If M is not specializable at
p, we put b(f,p) = 0. The global b-function b(#) of M along Y is defined to be the least
common multiple of b(#, p) with p running through Y.

It is known that the specializability does not depend on the choice of the generators
Uy, ..., u, of M, while the b-function itself can depend on it (cf. [24]). It is also known that
if M is holonomic, then M is specializable along an arbitrary submanifold ([19],]20],[22]).

Let us describe the procedures for computing b(6,p) and b(): First, we reduce to the
case r = 1. For each i = 1,...,r, let m; be the projection of gry (DY) to the i-th component
and put

gty (M) D .= {P € gry(N) | mj(P)=0for j=i+1,...,7}.

Note that gry (N)@ /gry (M)~ can be regarded as a left ideal of gry (Dx) by the projection
to the i-th component. Then we get the following lemma:

Lemma 4.2 Under the above notation, b(1,p) is a generator of the ideal
N (K0 N (gry (AN /gry (V)ED), )
i=1

Let us now assume that the order < satisfies

(a,1) < (&,j)ifi < jfora,& € Landi,je{l,...,r}. (4.1)
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Let G be a Grobner basis of N with respect to <p defined by < as in Section 3. Then
7 := gry(N)D /gry (N) D is generated by

{mi(oy(P)) | P € G, oy(P) € gry(N)V}.

Our next task is to compute the intersection Z N Dy [t104, . ..,tq04). For this purpose,
we introduce commutative indeterminates v = (vq,...,v4) and w = (wy,...,wy), and work
with the ring Dy, [v,w]. For an element P of Dy, of the form

P = Z auyagt“(‘?;’a?aaf,
(/hV,Oé,B)EL

its multi-homogenization mh(P) € D4y, [v] is defined by

SNISESIED SR TN
(u:u7a7ﬁ)€L

with ; := min{v; — 1t | @ap # 0}. Let <5 be an order on N?x N9 x L > (p, 0, &) defined
by

(p,0,a) <mn (p',0', &) if and only if [p+ o| < |p + |
orelse [p+o|=|p+0|,a<d (4.2)

with an arbitrary well-order < on L satisfying (3.1). Fixing an ¢ € {1,...,d}, we assign
weight 1 to w;, 0, weight —1 to v;,t;, and weight 0 to all the other variables. An element
of Dy nlv,w] is said to be multi-homogeneous if it is homogeneous with respect to the
weight above for each ¢ = 1,...,d. Thus mh(P) is multi-homogeneous for any P € Dy,
Put S, := Six, ++*San, for & = (k1,...,kq) € Z% with S;; = 0, if j > 0 and Sj; := t;”’
otherwise. Let s = (s1,...,84) be commutative indeterminates. Assume that P € Dy, is
multi-homogeneous. Then we have

SHP: Q(tlﬁtl,...,tdﬁtd,x,am)
with some Q(sy,...,58q4,7,0;) € Dylsy,...,sq and k € Z¢. We put
w(P>(517 s 75d> = Q(Sla s 7Sd>'

Proposition 4.3 Let T be a left ideal of gry (Dx). Let Gy be a finite subset of gry (Dgyn)
which generates I. Let Gy be a Grobner basis with respect to <y, of the ideal of Dy y[v, w]
generated by

We may assume that G consists of multi-homogeneous elements since so does the input.
Then the left ideal T N\ Dy [t104,, - .., ta0k,] of Dy [t104, ..., ta0:,] is generated by

G2 = {¢(P)<tlat1; . ,tdﬁtd) | P e Gl N Dd+n}~

11



Proof: Let P be an element of G; N Dyy,. Since P is multi-homogeneous and free of v, w,
there exists k € Z% so that Q := ¥(P)(t10y,, .. .,ta0;,) = S.P. By definition, P belongs to
the ideal generated by mh(Gy) and 1 — v;w; (i = 1,...,d). Setting v; = w; = 1, we know
that @) belongs to 7.

Conversely, let P be an arbitrary germ of Z N Dy [t18,, .. . ., tad; ,] at p € Y. Multiplying
P by a polynomial in « which does not vanish at p, we may assume P € D,[t;0;,, ..., tq0,].
In view of the definition of the multi-homogenization and the fact that mh(P) = P, there
exists p € N so that v”P belongs to the ideal generated by mh(Gy). This implies that P
belongs to the ideal generated by mh(Gy) and {1 — v;w; | i = 1,...,d} since

P = (1—v"w’)P + vw’P
and 1 — v”w” belongs to the ideal generated by {1 —v;w; | i = 1,...,d}. Set Gy N Dyyp, =
{P, ..., P.}. Then by the definition of <,,, and Gy, there exist Q1,...,Qk € Dyi, so that
P=Q1Pi+ -+ Qrbs.

Since Py,..., P, are multi-homogeneous as well as P, we may assume that such is also the
case with Q1, ..., Q. Hence there exist (), ..., k®) € Z¢ and Q) € D, so that

P =9(P)=Q\S.0yPi+ -+ Q.S Py = Q1Y(P1) + - + Qb (Fr).

This completes the proof. ||

Let Z be as in Proposition 4.3. Now we have obtained a set of generators Gy of Z N
Dy [t10y,, - .., ta0:,]. We identify each ¢;0;, with s;. Then from G5, we can compute a set of
generators G of the ideal Z N Oy [s] of Oy [s] by eliminating 9, by means of Grobner basis in
the Weyl algebra (see e.g. [28] for details). Then it is easy to obtain a subset G4 of K|z, 6]
which generates the sheaf of ideals

T =TN0Oy[] =ZN0Oy[s]NOy[H]

with 0 = s; 4+ - -+ + s4 again by Grobner basis in the polynomial ring. Let us denote by J
the ideal of K|z, 6] generated by G4. Then b(6, p) is a generator of

T, N K[8] = (Oyl0)]),J N K[6)].

Our final task is to compute the b-function at each point of Y by using the input G4. This
is achieved by primary decomposition. Let us state the method in a more general setting,
where we replace the variable 6 by the variables s = (sq,...,sq) for the sake of generality:
So let J be an arbitrary ideal of K|x,s| whose generators are given. For each point p of Y,
put

B(J,p) = (Oy[s)),J N K],

which is an ideal of K[s]. Let J = Q1 N---N; be a primary decomposition in K|z, s|. Then
by the flatness of (Oy[s]), over K|z, s] we have

B(J,p) = B(Q1,p) N---N B(Qu,p).

Each ideal on the right hand side can be computed easily by the following:

12



Lemma 4.4 Let Q be a primary ideal of K|x,s| and put

Vy(Q) ={zeY =K"| f(x) =0 for any f € QN K[x]}.

Then we have

[ QNK[s] ifpeVy(Q)
B(Q.p) = { K[s] z'f]]; €Y\ Vy(Q).

Proof: First assume p € Vy(Q). Then there exists a(x) € Q N K[z] such that a(p) # 0.
This implies that B(Q,p) = K|s|. Next assume p € Vy(Q) and b(s) € B(Q,p). Then there
exists a(x) € KJz| so that a(z)b(s) € @ and a(p) # 0. Suppose b(s) does not belong to Q.
Then we have a(r)? € Q with some j € N since @ is primary. This implies a(p) = 0, which
is a contradiction. Thus we have B(Q,p) C @ N K[s]. The converse inclusion is obvious. ||

Lemma 4.5 Let J be an ideal of K|x,s]. Then we have

ﬂ B(J,p) = J N K]s].

peY

Proof: Let J =@Q1N---NE; be a primary decomposition. Then by the preceding lemma,
we have

N B(Jp) = () BQjp)

peY peY j=1

= QN Kls] | Q; N K[z] # Klx]}
= JNK]Is]

since Q); N K[s] = K[s] if and only if Q; N K[z] = K|z]. |

Returning back to the ideal J of K|s, 6] generated by G4, we have only to apply Lemma
4.4 with s replaced by 6. This gives us an algebraic stratification of Y so that b(s,p) is
constant on each stratum as a function of p. Moreover, Lemma 4.5 tells us that the global
b-function of M along Y is simply a generator of JNK[#]. Thus the algorithm is summarized
as follows:

Algorithm 4.6 (The b-function of M := Dx ®p,,, M)
Input: M = D}, /N with an Dgy,-submodule N of D}, ,.

(1) Compute a Grébner basis G of N with respect to the order < that is defined through
(3.2) by using an order < satisfying (3.1) and (4.1) with m = 0.

(2) Fori=1tordo

(a) G; == {mi(oy(P)) | P € G, mj(oy(P)) =0 for any j > i}.
(b) Let G;; be a Grobner basis of the left ideal of Dgy,[v, w]| generated by

with respect to an order <, satisfying (4.2).

13



(C) Gi2 = {Qﬂ(P) < Dn[S] ‘ P e Gil N Dd+n}-

(d) Compute J; := (Gi2) N K|z, 0] first by eliminating 0., then eliminating s, ..., s}
after substitution 6 = s; +- -+ 54 and s’ = s; for j = 2,...,d; here (G;3) denotes
the left ideal of D, [s| generated by Gjs.

(3) The global b-function b() of M is the generator of N;_,(J; N K[6]).
(4) For i =1 tor do

(a) Compute a primary decomposition J; = ﬂ?zl Qij in K[z, 6].
(b) Compute (generators of) Q;;NK[s] and Q;;NK|[z] for j =1,...,l; by elimination.

(5) For each p € Y, the local b-function b(6, p) is the generator of the ideal

A (V4Qu 1 K1) | gp) = 0 for any g(x) € @y N KLa]).

i=1j=1

Let us remark on the coefficient field: Suppose that the input is defined over a subfield
Ky of K. Then the steps 1-3 can be done over K, instead of K and b(6,p) divides b(f)
for any p € Y. However, the primary decomposition in the step 4 must be one in K|z, 0]
not in Ky[x,0]. In fact, we need a primary decomposition over an intermediate field K
with Ky C K; C K so that b(6) factors into linear polynomials in Ki[f]. If, e.g., Kj is
the rationals Q, such K is computable. Hence the primary decomposition in the step 4 is
certainly computable if the input is defined over Q in view of e.g., [2], [11], [38] and gives
the local b-function at any p € Y = K™.

As a special case where all the computation can be done over Ky, suppose that the ideal
J N Ky[f] is generated by a polynomial which is a multiple of linear factors over Ky. Then
the step 4 of Algorithm 4.6 can be computed over K, and the step 5 is true for any p € K";
one can easily verify this by considering a projection of K to Ky. Note that this is exactly
the case with the classical Bernstein-Sato polynomial (cf. [30],[31],[32] for algorithms) and
Ko = Q by virtue of Kashiwara’s theorem on the rationality [14].

At this occasion, let us make a correction to [32]: Lemma 4.4 of [32] does not hold in
general; we need field extension as explained above. This correction does not affect the rest
of [32].

Example 4.7 Let K be an arbitrary field of characteristic zero and put X = K® >
(t1,to, 2,y,2), Y := {(t1,t,2,y,2) € X | t; = t5 = 0}. Put M := D5/I with the left
ideal I generated by

t1— 2+ 97, ta—yP + 22, O, +32°0,, 0, — 2y0h, + 3y*0h,, O, — 220,,.
Then the b-function b(s,p) of M := Dy @p. M along Y at p € Y = K3 is given as follows:
o = 5(e- 1) (5o~ 1) () (4 1)
X (s—i—%) (s+%) (s—I—%) (S—F%) (34—%)
if p=1(0,0,0) €Y;b(s,p)=sifpe{(r,y,2)e K>|2®—y?>=0, v’ —22=0}\{(0,0,0)};
and b(s,p) = 1 otherwise.
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5 Restriction of a D-module

We retain the notation of the preceding sections. Put
Dy_,X = Oy ®OX Dx.

Then Dy_x has a natural structure of (Dy,Dx)-bimodule. Let M = Dx ®p,,,, M be
a coherent Dx-module with a finitely generated Dyi,-module M = D}  /N. Then the
(D-module theoretic) restriction of M to Y is defined by

./\/l;/ =Dy_x ®%X M

in the derived category of left Dy-modules, where @ denotes the left derived functor of the
tensor product (see [13] for the derived category and derived functors).

In general, let £ be a K[t]-module and £; (j € Z) be additive subgroups of £ such that
t;L; C L;_; holds for i =1,...,d and j € Z. Then for any integer k, we define the Koszul
complex IC*(LG[k], t1, . .., tq) associated with Lo = {L;}jcz and t1,...,tq by

0 1 d
00— £k+d®z A Zd L £k+d—1®Z N Zd i> cee i> £k®Z VAN Zd — 0,

where ¢ is defined by

d
S(u@e; N---Neg,) =Y tu@e Aeg A+ Ney,
=1

for a subset {i1,...,4;} of {1,...,d} with the unit vectors ey, ...,eq of Z4. When L; = L

for each j, we also denote this simply by K*(L,t1,...,ts). Here we regard Lj4q—;® A Z2 as
being placed at the degree —j to be compatible with the cohomology theory.

In particular, K*(Dx,t1,...,tq) is quasi-isomorphic to Dy_,x in the derived category of
right Dx-modules. Hence we can identify M$, with the complex

,C.(Dx,tl, e ,td) ®DX M = ’C.(M,tl, e ,td).

Our purpose below is to describe an algorithm to compute each cohomology group
HI(MS) (for i = 0,—1,...,—d since it is zero for other i) under the assumption that M is
specializable along Y. Let b(6,p) be the b-function of M along Y at p € Y.

Proposition 5.1 Let p be a point of Y and k be an integer such that b(k,p) # 0. Then the
Koszul complex IC*(gry (M) k], t1, . .., ta) associated with {gr}, (M)} ez is exact at p (i.e., on
a Zariski neighbourhood of p).

We shall prove this proposition in a slightly more general situation. Let Dy := K[t](0;)
be the Weyl algebra on the variables t = (t1,...,%;) and define a filtration on it and the
associated graded module by

Fo(Da) =1 > aut"d/}, g1, (Da) := Fix(Da)/ Fr—1(Da).

lv—pl<k

Note that gr(Dy) := @pez gr,(Dy) is isomorphic to D,. In particular, we can regard gry(Dy)
as a subring of Dj.
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Proposition 5.2 Let L = @;cz L; be a graded gr(Dg)-module; i.e., assume gr;(Dg)L; C
Liy; fori,j € Z. Assume moreover that there exists a nonzero polynomial b(0) € K0] which
satisfies b(V + j)L; = 0 for any j € Z with ¥ = 10, + - - + t40,,. Let k be an integer such
that b(k) # 0. Then K*(Le[k], t1, ..., tq) is exact.

Proof: We argue by induction on d. First suppose d = 1. Then K*(L4[k],?1) is the complex
O—>£k+1i>£k%0.
Assume u € L., satisfies t;u = 0. Then we have u = 0 since
0="0(t10;, +k+ D)u =b(0t; + k)u = b(k)u.

On the other hand, there exists P € Dy so that b(t,0;, + k) = t;P + b(k). Hence for an
arbitrary v € Ly, we conclude v € t; L1 from b(¢,0;, + k)v = 0.

Now assume the proposition is true with d replaced by d — 1. It is easy to see, as
in the case of the usual Koszul complex (see e.g., [37, p.188]), that K*(L4[k],t1,...,tq) is
quasi-isomorphic to the complex associated with the double complex

K (Lol + 1t tar)

|t (5.1)
Ko (LK), b, ta).

Let us denote by £} and L7 the kernel and the cokernel of t4 : L;,; — L£;. Then L' :=
Djez L) and L" := @z L] are graded gr(Dy—1)-modules. For any u € L}, we have

0 = b(t18t1++td8td+j+1)u
= b(tﬁtl + et + td_latd_l + 8tdtd + ])U
= b(t10y + -+ ta—10:, , + J)u.

On the other hand, for v € L;, let v be its residue class in £7. Then we have
0=>0b(t10y, + -+ 130, +J)T = b(t10y + - + 1410, + j)T.

Thus both £ and L£” satisfy the conditions of the proposition with d replaced by d — 1. By
the induction hypothesis, the complexes K*(L,[k];t1,...,tq—1) and K*(LL[k];t1,. .. ta1)
are exact. Hence the vertical chain map of (5.1) is a quasi-isomorphism, which implies that
K*(Lo[k], t1, ..., tq) is exact. ||

Under the assumption of Proposition 5.1, we have b(¢J + j)gr}, (M) = 0 for any j € Z. In
fact, for P € grl,(Dx), we easily get b(1) + j)P = Pb(1¥). This yields

b(¥ + gl (M) = (¥ + j)gr}(Dx)gri (M)
= gr{(Dx)b(D)gry (M) = 0.

Hence Proposition 5.1 is an immediate consequence of Proposition 5.2.
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In general for m € Z", we define the Fy [m]-filtration on D}, by

Fym](Dy_x) = Fym|(Dk)/(tLFy" [m](D) + - +taky " (m](Dy))
~ {P= Zzﬁaw(m)ﬁfﬁfei | ayp(z) =0if |v| > k —my;}

= &p Dy
=1 |v|<k—m,
We also define Fi:[m](D,,[0;]") in the same way identifying D, [0;] with Dy p,/(t; Dgin+-- -+
thd+n)-

Theorem 5.3 Put m = my = 0 and take a free resolution (2.1) of Definition 2.1 with
[ =d+ 1, which is adapted to the Fy-filtration with the shift vectors my, ... mg,1. Let p be
a point of Y and let ko and ki be the minimum and the mazimum integral root of the equation
b(0,p) = 0 in 6. Then, for 0 < i < d, the cohomology group H™*(M$.) is isomorphic as
Dy -module to the —i-th cohomology group of the complex

f;ﬁl[lmdﬂ]wﬁ:dz) Vs B f;{ii[lml]w?:x) % i@igth) 0 (52
Fy* [md+1](DY_>X) Fy® [ml](DYI_))O Fy? (D§/—>X)

at p, where @j is a homomorphism induced by ;. In particular, we have H™"(M$) =0 at
p for any i if b(6,p) = 0 has no integral roots.

Proof: For any k € Z, the complex

T i a 1 E T
= gy [mg (DY) = - =5 gry [mo] (DY) — 0,

is quasi-isomorphic to gr¥ (M) since (2.1) is adapted to the Fy-filtration. Hence we know
that KC®(gr$, (M)[k], t1, ..., tq) is quasi-isomorphic to the complex associated with the double
complex

0

I

K* (ery [mo] (DY) (K], 1, - -, a)

%,
B

K* (gry [ma] (DY) K] 1, - - 1)
[%ann
K (grs [man J(DY ) [k 1, - L)
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On the other hand, we have a quasi-isomorphism
K* (gry [my) (DR (K], th, - . ta) = g1y [my)(DY_y).
Hence K*(gry (M)[k],t1,. .., tq) is quasi-isomorphic to the complex

T 1 E 1 E T
c = gy [mgn (DY) =5 - =5 gy (mo) (DY) — 0. (5:3)

Thus, by virtue of Proposition 5.1, the complex (5.3) is exact at p if b(k, p) # 0. This implies
the theorem since we have
F{; m;|(Dy_x) =0

for sufficiently small k € Z. [
Note that F'[my](Dy_ )/ F ! [m,] (D} ) is a free Dy-module of rank

S #{v € Z% | ko — my; < v < ki — my;}.
=1

Hence Theorem 5.3 gives us an algorithm to compute each cohomology group H™*(MS$).
In fact, we have only to compute the cohomology groups of the complex (5.2) as left D,,-
modules with Dy _,x replaced by D,[0;]. The flatness of Dy over D, assures us that the
generators of the cohomology group over D,, also give the ones over Dy. The algorithm is
summarized as follows:

Algorithm 5.4 (The cohomology groups of the restriction of M to Y)
Input: M = D}, /N with a Dg;,-submodule N of D} .
Output: H~(MS$) = Dy ®p, (Dh/I;) for 0 <i < d.

(1) Compute the global b-function b(f) of M along Y by the steps 1-3 of Algorithm 4.6
with M as input.

(2) If b(#) = 0, then M is not globally specializable along Y; quit.

(3) Let ko and k; be the minimum and the maximum integral roots of b(#) = 0. If there
is no integral root, then we have H™*(M$) = 0 for all 4; quit.

(4) Compute a free resolution

Yd+1
D;ijnl - D;in b v Dzs}l-n o DZZ(—)l—n ‘ M 0

of M adapted to the Fy-filtration (cf. Proposition 2.3) and the shift vectors my, ..., mg4
by using Proposition 3.11 successively, or by using Theorem 9.10, with m = mg, = 0.

(5) Compute the induced complex

Folma (DO ™) 5y 5 FEmi(D0J7) 5 FED.OI)
Fy* 7 mggq](Dn[0]ra+) Fo~ my (D, [0,)70) F~H (D, [0)])

as a complex of finitely generated free left D,,-modules. Put v, := 0.
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(6) Via Grobner bases of modules over D,,, compute the —i-th cohomology group Ker@ /Tm 4, 1
of the above complex in the form D% /I; with a left D,-module I; for i = 0,...,d.

Note that in the step (4) of the above algorithm, only 1, ...,%;,+1 are needed if one
wants to compute only the —i-th cohomology groups for ¢ = 0,...,7. In particular, one
does not need the free resolution to compute only the 0-th cohomology.

As a direct application of the algorithm above, we obtain an algorithm to compute the
cohomology groups with coefficients in the formal power series solutions of M:

Exty, (M, K[[z]]) (i=0,...,n)

under the assumption that M is specializable along Y := {0}. In fact, we can easily verify
that there exists an isomorphism (see e.g. [23, p.428] for the case K = C)

Exty, (M, K[[z]]) ~ Exti (M}, K) ~ H ' (M§,).

If K = C and M is Fuchsian along Y in the sense of [23] (this condition holds if M is regular
holonomic in the sense of [20]), then by virtue of the comparison theorem ([23, Théoreme
2.3.1]), we have also an isomorphism

Exth, (M, C{z}) ~ H/(M5),

where C{z} denotes the ring of convergent power series in x. Note that Kashiwara’s index
theorem ([17, p.127]) gives the local index

> (~1)"dim¢ Exty, (M, C{z})

i>0

at 0 € X in terms of some topological quantity associated with the characteristic cycle of

M.

Example 5.5 Let us consider M := D,/I, where I is the left ideal of Dy (with K = C)
generated by

2303 + 1404 — a1, 101 + 2303 — @y, X905 + 1404 — az, 0104 — 0205,

where ay,a9,a3 € C are parameters. Put M = Dy ®p, M with X = C* and V; =
{(z1,29,23,24) € X | 21 = 29 = x3 = 0}. The global b-function of M along Y] is (s —
as)(s + a; — ags — az). Hence the cohomology groups of the restriciton of M to Y; all vanish
unless ap or a; — as — ag is an integer. If a; = as = ag = 0, we have by Algorithm 5.4

Dyl/Dy1x4a4 (’L = 0),
i age (Dy:/Dyiz40s)* (i = —1),
H ( Yl) - DY1/DY1I484 ( )a
0 (i < —3).
)

I/\ ||

The b-function of M along the point Yy := {(0,0,0,0)} is s — ag — a3. Suppose a; =
az = az = 0. Then the cohomology groups H'(My,) of the restriction of M to Y, are
C,C3,C3,C,0 for i = 0,—1, -2, -3, —4 respectively. Since M is regular holonomic, this
implies that Ext}, (M, C{z}) is C,C? C? C,0 for i = 0,1,2, 3,4 respectively.
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Example 5.6 Put X := C? > (z,y) and M := Dy ®p, (Do/I) with I being the left ideal
generated by

20y — x(x0; + Yo, + a)(z0, + b1), Y0y, — y(x0y + y0, + a)(yo, + bs).

Then by the computation of the restriction of M to (0,0), we get

| C (i=0),
Extp (M, Cllz,yl]) =4 C* (i=1),
c (i=2).

for generic parameters a, by, by (this means that we perform the computation over the coeffi-
cient field K := Q(a, by, b)). In particular, we have 3°7_(—1)" dim¢ Eat, (M, Cllz,y]]) =
0. On the other hand, the characteristic cycle of M is

{l=n=0+H{r=n=0}+4Hy=¢=0t+{r—y=E{+n=0}+T{z =y =0}

as a cycle in the cotangent bundle 7*X = {(z,y,£,n)}. Thus, by Kashiwara’s index theorem

we have ,

Y (—1)'dimg Eaty (M, C{z,y}) =3 - (4+4+1)+7=1
i=0
Hence M is not regular at (0,0).
dimg Ext ) (M, C[[z,y]]) = 1 implies that the system M admits one dimensional space
of formal power series solutions at the origin. In fact, the (divergent) formal series

z"y", () =clc+1)---(c+m—1)

spans the solution space.

6 Tensor product and localization

In this and subsequent sections, we denote by X the affine space K™. First let us describe
an algorithm to compute the tensor product and the torsion groups of two holonomic Dx-
modules M; and My. We suppose that left D,-modules N; and Ny are given so that

Let 7, m : X x X — X be the projections to the first and the second component respectively
and put
D/XXX = WIIDX ®K F;LD)(.

Then the exterior tensor product is defined by

M1®M2 = DXXX ®D3{xx (7T1_1M1 QK 7T2_1M2).
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First, let us describe this exterior tensor product more concretely. Let ug, ..., u,, be the

residue classes of the unit vectors ey, ...,e,, of D' and vy,...,v,, the residue classes of the
. / , ~ .
unit vectors e}, ..., e of D;2. Then as a Dxxx-module, M;®@M, is generated by u; ® v,

(1 <i<mr,1<j<ry). Let us denote by (z,y) the coordinate system of X x X. For
P=(P,...,P,)eDyY and Q = (Qy,...,Q,,) € D¢ we write

P®Q = (Fi(r,0:)Q;(y,0y))ij € Dxx-
Let Z' be the left D'y, y-submodule of (DY, )" generated by the set
{Poe;|PeN, 1<j<rn}u{e®Q|QcN,;, 1<i<nr}
and put Z := Dxyx Qp; 7.
Lemma 6.1 Under the above notation, there is an isomorphism
Mi@Msy =~ DY /T.
Proof: Put

K':={(P;)ij € (Dxyxx)""* | > Pij(u; ®v;) =0 in 77 "My @ 75 ' Mo}
2%
Then it is easy to see that Z' C K'. Hence we have a commutative diagram
TM Xy My s (D) T

AN !
My @k T3 My~ (D )2 /K

where ® is a K-bilinear map defined by
@(Z .LDZ'UZ‘, Z ijj) =P® Q mod 2,7
i J

which is well-defined by the definition of Z’. In view of the universal property of the tensor
product, we know that the vertical map above is an isomorphism. This completes the proof.

[

Hence M; &M, is computable with N; and N, being given. Put A := {(z,y) € X x X |
xr =y} and identify A and X by the map ;. Then by [15, Proposition 4.7], which obviously
applies to algebraic D-modules as well, we have

Ml ®éx MQ >~ DA—)XXX ®éx><x <M1®M2)
= (Mi@&My)%.
Suppose that M; and M, are holonomic. Then it is easy to see that M;®.M, is a holonomic
Dx « x-module since its characteristic variety is contained in the Cartesian product of those

of M; and M,. Hence M;®M, is specializable along A and the following algorithm is
correct:
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Algorithm 6.2 (The tensor product and torsion groups of two Dx-modules)

Input: Holonomic systems M; = Dx ®p, M;, where M; = DI /N; with a D,-submodule N;
of DJi fori=1,2.

Output: 7or kox(/\/ll,/\/lg) =L, fork=0,...,n

(1) From sets G; of generators of N;, compute

Gy ={P®e;|PeG, 1<j<njuU{e®Q|QcGy, 1<iln}.

(2) Let G4 be the result of the substitution y; = z; +¢; (i =1,...,n) for each element of
Gs; let 1 be the left submodule of D5 with D, = K[t, x](0;, 0,) generated by Gj.

(3) Apply Algorithm 5.4 with D312 /1, as input and d = n to obtain
Ly = H " (Dxxx ®p,, (D572 /11)) {03 x)
for k=0,...,n
Example 6.3 Put X := K and
M :=Dx/Dxz0,, N :=Dx/Dxz.
First, the exterior tensor product is given by
MEN = Dxyx/(Dxxxtds + Dxxxy)

with (z,7) € X x X. Its global b-function along the diagonal is s, and by restricting M&N
to the diagonal we get

or PX(M,N) =Dx/Dxx (i=0,1).

In the same way, we get

TOT?X(’Dx/IDXl’,Dx/DxﬂZ) = {,(Z))
Tor 9% (Dx/Dx(z0, + 1), Dx/Dxz) = 0 (

Let M be a holonomic Dx-module and let f € K[z] be an arbitrary non-constant poly-
nomial. Then we immediately obtain an algorithm to compute the localization M[f~!] :=
Ox[f7'] ®o, M by combining this algorithm with that of computing O[1/f] given in [31]
since Ox[f™!] is holonomic ([15, Theorem 1.3]). Since Ox|[f~'] is flat over Oy, the higher
torsion groups vanish.

Algorithm 6.4 (The localization M[f~])
Input: A holonomic system M = Dx ®p, (D},/N) and a non-constant polynomial f € K[z].
Output: M[f~1.
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(1) Compute the global Bernstein-Sato polynomial bs(s) of f as follows (cf. [30]), where s
is a single indeterminate:

(a) Letting t be a single variable and let I be the left ideal of D, ; generated by
t — f(x) and 0., + (Of/0x;)0; for i =1,... ,n.

(b) Let b(f) be that in the step 3 of Algorithm 4.6 with D,,1/I as input and d = 1.
Put b(s) :=b(—s —1).

(2) Compute a set of generators of J; := {P(s,2,0,) | Dy[s] | Pf* = 0} by [31, Theorem
19].

(3) Let v be the minimum integer root of bs(s) = 0 and put Js(v) = {P(v,z,0,) |
P(s,x,0,) € J;}. Then Ox[f™!] ~ Dx ®p, (Dn/Js(v)).

(4) Compute Ox[f~!] ®o, M, which is obtained as the output of Algorithm 6.2 with
D,,/J¢(v) and D] /N as input and ¢ = 0.

7 Algebraic local cohomology groups

Let fi,...,fa € K|x] be arbitrary polynomials and put Y := {z € X | fi(z) = ... =
fa(z) = 0} with X := K™. Let M be a coherent Dy-module. Our purpose is to compute
the algebraic local cohomology groups ny] (M) with support Y defined by Grothendieck as
Dx-modules. Recall that ny] (M) is defined as the k-th derived functor of the functor

[yj(M) := lim Hom o, (Ox/Jy"; M),

m—0o0

where Jy is the defining ideal of Y and the inductive limit is taken as m tends to infinity.
Note that if M is a holonomic Dx-module, then so is Hfy, (M) (cf. [15, Theorem 1.4]).

Put X := K% x X and identify X with the linear subvariety {0} x X of X. We set
Z:={tz)eX |ti=filx) i=1,....d)}

Then Bz = Hflz}((’) ) is isomorphic to D5/Z, where T is the left ideal generated by

d
t—file) G=1,....d), O + afjatj (i=1,...,n). (7.1)

1 @xl

Let 7: X — X be the projection and put
A= {(tz,y) e X x X |z=y}

Then we can identify X with A’ by m. In the same way as [32, Lemma 6.3] we get
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Lemma 7.1

Z)fo((B[zJ@M)'A/) (i =0)

Wﬁlox —1 ~
TOTZ» (B[Z],W M) =~ { (Z 7& 0)

with
5 — —1 —1
Bz oM = Dz, x ®pflpg®p;1Dx (Py Bz ®k p; M),
where p1 and ps are the projections ofj(v x X to X and to X respectively.

In fact, this lemma follows from the fact that A’ is non-characteristic with respect to
Bz &M. The proof of [32, Theorem 6.4] yields the following:

Proposition 7.2 For any coherent Dx-module M, we have an isomorphism
fy] (M) ~ H™((Biz) @r-10, W_IM)Eo}xX)
as left Dx-module for any ¢ > 0.

Algorithm 7.3 (Algebraic local cohomology groups ny] (M))

Input: Polynomials fi,..., f; € K[z] and a holonomic Dx-module M = Dx ®p, (D./N)
with an D,-submodule N of D] generated by G.

Output: Hiyj(M) = L; qfori=0,...,d withY :={z € K" | fi(z) = ... = fa(z) = 0}.

(1) Let I be the left Dgyon-submodule of D, generated by

G = {(— f@)ec | 1<j<d 1<k<r}

d .
U (azi+zg£?8tj)ek|1§z'§n, 1<k<r}

j=1 9T

U {P(y7ay) | P S G}7
where ey, ..., e, are the unit vectors of D).

(2) Apply substitution y; = x; + z; for i = 1,...,n to Gy and let the result be Go. Let J;
be the submodule of D, generated by Gs.

(3) Compute the 0-th cohomology of the restriction of D}, ,./J> to {(t,z,2) | z = 0} in
the form Dy ®p,,, (Dl,/J3) by Algorithm 5.4. Here we can assume kg = k; = 0
skipping the steps 1-3 of Algorithm 5.4.

(4) Compute L; :=H'((D5 ®p,,, (DﬁHn/Jg))zo}XX) for —d <i <0.

Finally, assume that Y is non-singular of codimension d and let ¢ : ¥ — X be the
embedding. Then for a coherent Dy-module N,

L_|_./\/ =Dx y QDy N
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is a coherent Dy-module with support in Y’; here we put Dx. y := Dx/(Dx fi+---+Dx fa),
which has a structure of (Dx, Dy )-bimodule. Moreover, the functor ¢, gives an equivalence
between the category of coherent Dy-modules and that of coherent Dx-modules supported
by Y ([15, Proposition 4.2]). In terms of this equivalence, we can compute the cohomology
groups of the restriction of a holonomic Dx-module M to Y by using Algorithm 7.3 and the
following isomorphism:

Proposition 7.4 ([15, Proposition 4.3])
LHMS) = HE (M),
Example 7.5 Put K := C? 5 (z,y, 2) and
M := Dx/(Dxd, + Dx0, + Dx(2°0, + 2)).

Then the local cohomology groups of M with support Y := {(z,y,2) € X | xz = yz = 0}
are given by

Dx/(Dxx + Dxy + Dx (220, + 22 + 1)) (i=2),

(M) =140 (i =1),
Dx/(Dxd? + Dx (20, — 1) + Dxd, + Dxz) (i =0).

Moreover, H?Y] (M) = Dxu is also isomorphic to
DX/(DX&; + DXay + DXZ) = DXU

by the correspondence v — 0,u and u — xv, where v and v denote the residue classes of
1 € Dx in respective modules.
The localization of M by z is given by

Note that the methods of [32] or [42] cannot be applied since z : M — M is not injective.

8 Functors in the analytic category

The functors studied in the preceding sections have analytic counterparts (cf. [15],[25]).
Throughout this section, we assume K = C and denote by O% and D¥' the sheaves on X
of holomorphic functions and of rings of differential operators with holomorphic coefficients
respectively. For a left Dx-module M = D% /N, we put M*" := D3 ®p, M. For k € Z,
put

Fy (DY) :=={P € DX'ly | P(Jy") € (J¢")’™" for any j > k},

where J2" is the defining ideal of Y in O%. Then for m = (my,...,m,) € Z", the Fy[m]-
filtrations are defined by

Fm|(DY)) = DK ™(DY),
i=1
FEm)(M™) = By (D)ug + -+ By (DY),
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where uy, ..., u, are the residue classes of the unit vectors of (D¥)". The graded modules
are defined in the same way as in Section 2. Put DY y = Of" Qes DY, which is a
(Dar, DY)-bimodule. Then the restriction of M to Y is defined by

(M) = DYy @hy M
The b-function of M along Y at p € Y is defined to be the generator of the ideal
{b(0) € C[0] | b(V)gry [m](M™) = 0},
where 1 is defined as in Section 4.

Lemma 8.1 Let N be a coherent left Dy -submodule of D% . Define the Fy[m]-filtrations on
N and on N as in Section 2 with a shift vector m. Then we have

gry [m] (V™) = @i} (DY) Pgr9, (Dx) gry [m](\V)
= Dy @p, gry[m](N).
Proof: We can prove the first equality by the same method (considering syzygies in the
graded module) as [30, Theorem 3.16] (cf. also [1, Lemma 1.1.2]), where the case of r = d =1

is treated; the argument applies to this case with trivial modifications. The second equality
follows from

grg/(DX) = Dy[tlatl, e ,tdatd], gr%)/('D?(n) B Di}n[tlatl, N ,tdatd].

[

Proposition 8.2 The b-function b*(0,p) of M* and the b-function b(6,p) of M with the
same shift vector m coincide for anyp € Y.

Proof: This follows from Lemma 8.1 and the faithful flatness of O over Oy (cf. [30, Lemma

4.4]). ]
Proposition 8.3 We have for any 1 € Z,

H((M™)5) = DY @p, H'(MS).
Proof: Since we can regard

DY x = {>_aus(2)9;0; € DY | ays(x) € O},
v,

we have an isomorphism D" ~ D" ®p, Dy _x as (D}, Dx)-bimodules. Combining this
with the flatness of DY over Dy, and that of Dy_ x over Dy, we get

(M™) = DYy @pa (DY ©py M)
= D} .x ®p, M
= (D} ®p, Dy_x) ©p, M
= Dy @p, (Dy_x @p, M)
= DY @p, M5

This implies the assertion since D3 is flat over Dy. ||
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Proposition 8.4 For Dx-modules M and N, we have
Tor ??cn(Man7Nan) = D¥ @p, Tor ?X (M, N).

Proof: The assertion follows from Proposition 8.3 and [15, Proposition 4.7]. ||
For an algebraic set Y of X, the algebraic local cohomology groups of M?»" are defined
to be the derived functors of the functor

Dy (M) = Tim Hom owm (OF /(TE)™; M™).

m—0o0

Proposition 8.5 For a left Dx-module M, a polynomial f € Clz|, and an algebraic setY,
we have

M@ [f1] = DY @py M[f7],
Hiy)(M™) = Dy @p, Hiyi(M).

Proof: The first equality is an immediate consequence of Proposition 8.4. The second equal-
ity follows from Proposition 8.3, and Proposition 7.2 together with its analytic counterpart.

[

9 Homogenized Weyl algebra and Schreyer’s method
for adapted free resolution

In this and the following sections, we work in a framework more general than is needed in the
preceding sections. Let D,, = K[z](J) be the Weyl algebra over a field K of characteristic
zero with x = (x1,...,2,), 0 = (01,...,0,), 0; = 0/Jx;. We introduce a vector w =
(Wi, .oy Wi Whg 1, - - -, Way) € Z2"\ {0} that satisfies w; + w,,; > 0 fori=1,...,n. We call
such w an admissible weight vector for D,,. For each integer v € Z, we put

FY(D,) ={P= Y aup2°0° € D, | Gap = 0if > wje; + > wysiffi > v},
=1

a,fFEN™ i=1

where a,3 € K and the sum with respect to o, 3 € N” is finite. For a nonzero P € D,,
let ord,(P) be the minimum integer k such that P € FF(D,). It is easy to see that
ord, (PQ) = ord,(P) + ord,(Q) holds for nonzero P,Q € D,. More generally, for a shift
vector m = (myq,...,m,) € Z", we define a filtration F,[m] of D! by

FAm)(DL) = @ FE™ (Dy)es,

=1

where e;,...,e, are the canonical generators of D). For a nonzero P € D], we put
ord,[m](P) := min{k € Z | P € F*m]|(Dr)}.

Now we introduce the homogenized Weyl algebra, which was introduced in the second
version (1994) of kan/sm1 [41] and independently in [8]:
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Definition 9.1 Let D™ be the algebra over K generated by h, z = (z1,...,2,), and
0= (01,...,0,) which satisfy the relations

l'ifﬂj — .ﬁL’j.ﬁL’i = O, @(9] — 8]81 = O, .CL’iaj — 8]-:L’Z- = _5ijh2>
hl’i—l’ihzo, h@z—(?,hzo (i,jzl,...,n),

where 0; = 1 and &;; = 0 if i # j. We call D™ the homogenized Weyl algebra. The
substitution h = 1 defines a K-algebra homomorphism

p: DM> P+ Pl € D,.
An element P of Dﬁlh) is uniquely expressed as a finite sum

P= > araphz®0”

AEN,a,BeNT
with ax.s € K. The total degree of P € D is defined by
deg(P) := max{\ + |a| + |0 | arap # 0}

if P # 0, and deg(P) = —o0 if P = 0.
Now let us take another vector n = (ny,...,n,) € N” which describes the shift with
respect to the total degree. For P = (P,..., P,) € (D™)", we put

deg[n](P) := max (deg(F;) + 7).

Definition 9.2 (1) An element P = >7_; YN (ap)er @rapih z@0%€; of (D) is said to
be h[n]-homogeneous if there exists k € Z so that ay,z = 0 unless A+ |a|+|3|+n; = k.

(2) For P =X1_1 > (0p)er Gapir®d’e; € D7, we define the h[n]-homogenization h[n](P) €
(D) by
hn)(P) =Y 3 aughfleAmmigagie,

1=1 (a,8)€L

with k := max{|a| + |B| + n; | @api # 0}. This is h[n|-homogeneous.
If n is the zero vector, we denote h[n|(P) simply by hA(P).
Lemma 9.3 For P € D! and Q) € D,,, we have p(h[n](P)) = P and h[n](QP) = h(Q)h[n](P).

Definition 9.4 Let < be a monomial order (i.e. an order satisfying (3.1)) on L x {1,...,r}
with L := N?". We denote by lexp_(P) the leading exponent of P € D! with respect to <.
Then < is said to be adapted to the filtration F,,[m] if (w,a) +m; < (w, 5) + m; implies
(a,i) < (B,j) for o, p € L and ¢,5 € {1,...,r}, and if lexp_(e;) < lexp_(z;0;¢;) for any
1 <i<rand1<j<n;here we write (w,a) = S7", wia; for a = (aq, ..., ).
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We fix a monomial order < on L x {1,...,r} that is adapted to the F,,[m]-filtration.
Then we define an order <p, on N x L x {1,...,7} by

()\,Oé,i) =h[n] (:U’aﬁuj) if and Ol’lly if
A+ o +n; < p+ |8+ n; or else
At lal +ni = p+ 68+ 0y, (a,d) < (5,7)

for A, € N,a,8 € L and 4,5 € {1,...,r}. Then it is easy to see that <) is a well-order.
For a nonzero element .

P = Z Z a)\a/gih)‘xaﬁﬂei (91)

i=1 \a,0

of (D)7 its leading exponent (g, ag, Bo, 50) = lexp, (P) € N x L x {1,...,r} is defined
as the maximum element of {(\, «, 3,7) | axapi # 0} with respect to <jm). Then the leading
position Ip,, (P) and the leading coefficient lcoefy,n)(P) are defined to be ig and ax,,aq,s0.i
respectively. We denote them simply by lexp(P), Ip(P), and lcoef(P) if there is no fear of
confusion. The following lemmas follow easily from Definition 9.4 and the definitions of D
and <pn):

Lemma 9.5 For P € (D) and Q € D™, we have lexp(QP) = lexp(Qey,) + lexp(P) with
k = 1p(P).

Lemma 9.6 If P € (D) is h[n]-homogeneous and Q € D™ is h[0]-homogeneous, then
QP is h[n]-homogeneous.

Lemma 9.7 Letw : NxLx{l,...,r} — Lx{L,...,r} be the projection. Thenlexp_(p(P)) =
@ (lexpyy (P)) holds if P is h[n]-homogeneous.

In view of the above lemmas, we can define the notion of Grobner basis in the ho-
mogenized Weyl algebra and can employ the Buchberger algorithm, which preserves the
hn]-homogeneity:

Definition 9.8 Let N be a left DY) -submodule of (D). Then a finite subset G of N is
called a Grobner basis of N with respect to <) if

E(N) :={lexp(P) | P € N\ {0}} = |J (lexp(P) + L).

PeG

Note that G generates N if G is a Grobner basis of N since < is a well-order.

Proposition 9.9 Let N be a left D, -submodule of D] generated by Py, ..., P;. Let h[n](N)
be the left DM -submodule of (DY) generated by hn](P) for i = 1,...,k. Let G =
{Q1,...,Qs} be a Grobner basis of h[n](N) with respect to <pp). Then for any P € N, there
exist U; € D,, such that P = Uyp(Q1) + - - -+ Usp(Qs) and ord,,[m](U;p(Q;)) < ord,[m](P)
forj=1,..s.
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Proof: There exists v € N such that h”h[n](P) belongs to h[n](N). By the division algo-
rithm in (D™)", we can find h[n]-homogeneous Uy, ..., U, € (D) such that h”h[n](P) =
UrQ1 + -+ + UsQy and lexp(UpQr) =nm) lexp(h”h[n](P)) for k = 1,...,s. Applying the
ring homomorphism p, we get P = p(U)p(Q1) + - - - + p(Us) p(Qs) and lexp_ (p(Ux)p(Qr)) =
w(lexp(UpQyr)) = w(lexp(hh[n|(P))) = lexp_(P). Since U; and @; are h[n]-homogeneous,
this implies ord,, [m](p(U;Q;)) < ord,[m](P). |

We use the same notation as in the preceding proposition. Put A :={(i,5) |1 <i < j <
s, Ip(P;) = Ip(P;)}. Then for (i,j) € A, let S;;, S;; € D be monomials such that

lexp(S;i P;) = lexp(S;; P;) = lexp(P;) V lexp(F;), lcoef(S;; P;) = lcoef(S;; P;).

By the Buchberger algorithm, we can find h[n]-homogeneous U € DM such that

szpz - Siij = Z UijkPk (92)
k=1

and either U;;, # 0 or
lexp(Usji Pr) <nm) lexp(F;) V lexp(P;)

for each k =1, ..., s. The following is an analogue of F.O. Schreyer’s theorem for the syzygies
in the polynomial ring:

Theorem 9.10 In the notation above, let <" be the order on N x L x {1,...,s} defined by

(a,p) <" (B,v) if and only if lexp(P,) + a <pm) lexp(P,) +
or else lexp(P,) + a =lexp(P,)+ ( and p > v

fora, € N x L and p,v € {1,...,s}. Put
m' = (ordy [m](By), .., ordy [m](,), 0 = (deg[n](Py), .., degln](P,)).
Then <’ is a well-order called the Schreyer order induced by <pm]-
(1) For (i,j) € A,

(4) ()
‘/Z“ = (Oa"'asjia"'a_Sija"'70)_(Uijla"'anjS)

is h[n']-homogeneous and {Vi; | (i,j) € A} is a Grobner basis with respect to <’ of the
module

Syz(Py,..., P = {(U,..,U,) € (D) | UP, + - + U,P, = 0}.
(2) Put
SYZ<,0(P1), T 7p(Ps>) = {(U17 ) Us) € sz | Ulp(Pl) +eet Usp(Ps) = 0}

Then for any P € Syz(p(Py),...,p(Ps))NEYm'|(D;) with v € Z, there ezist QQ;; € D,
such that P =32 nea Qijp(Vij) and that Qip(Vij) € Fym'|(Dy,).
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Proof: For a nonzero P € (D)" of the form (9.1), we define its initial term by
in(P) := ayapih™2¢%e; € K[h,x,&]"

with (A, «, 3,1) = lexp(P), where £ = (&,...,&,) are commutative indeterminates. Let
s;; be the monomial in KT[h,z,¢] obtained by substituting & for 0 in S;;. Then we have
sjiin(P;) — s;;in(P;) = 0 for (4,5) € A. Now suppose U = (U, ...,Us) € Syz(F, ..., Ps) and
put (Ao, o, o, i) := max;<j<slexp(U; P;). Define u; € K[h,x,&| by

uje;, = in(Ujes,) if lexp(U; Py) = (Ao, 2o, Bo, i),
and put u; = 0 otherwise. Then >77_ L 4;in(P;) = 0 holds. By the definition of <’ we have

lexp_.(V;;) = (lexp(sj;), i), lexp_,(U) =lexp_/((u1,...,us)). (9.3)

On the other hand, since (0, ...,s;;,0,...,—s;;,0,...,0) for (¢, j) € A constitute a Grobner
basis with respect to <’ of the syzygies on in(Py),...,in(Ps) by virtue of Schreyer’s theorem
for the polynomial ring (cf. [10, Theorem 15.10]), we know that

lexp_ (w1, -..,us)) € |J ((exp(sj),i) + (N x L)).
(i,5)€A

This completes the proof of the first assertion in view of (9.3).

The second assertion follows from the first and Proposition 9.9 since the order <’ is
adapted to the F,[m’[-filtration restricted to h[n’]-homogeneous operators. ||

Let N be a left D,-submodule of D] generated by Pi,...,P,. Let h(N) be the left
D"W_submodule of (D))" generated by h(P,), ..., h(P:) (the homogenizations with n = 0).
Startlng with A(N) and n = m = 0, apply the first part of Theorem 9.10 repeatedely. Then
we get an exact sequence

-, (pMyr: 22, (ptyrs 2L, (ptyre £, (DY /(N — 0 (9.4)

with rg :=r. Put mg =ng =0 and

m, = (ordw[mi_l](p(@/zi(l, O, N 0))), e ,ordw[mi_l](p(@bi(O, ce ,0, 1)))) € Zri,
n, = (deg[ni_l](z/zi(l, 07 o ,O)), ce ,deg[ni_l](wi(o, s ,0, 1))) e N".

Applying the homomorphism p to (9.4), we get an exact sequence
LW pra 292) pra W) pro 9L ey (9.5)
Moreover, in view of the second part of Theorem 9.10, the sequence
('¢'2) Fk: Dt ('¢'1) Fk; Do p(e) Fk Dr N Fk Dr
wlm](D) == Fylmo] (D) =5 F[0](D;,) /(N N F[0)(Dy,)) — 0

is exact for any k € Z. Hence the resolution (9.5) is adapted to the F,-filtration. Further-

more, we can prove the following in the same way as its counterpart in the polynomial ring
([10, Corollary 15.11])
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Theorem 9.11 By arranging the Grobner bases appropriately, we can construct a free res-
olution (9.4) so that Vg, o = 0.

It seems an open problem whether there exists an adapted free resolution of length less
than 2n + 1.

Remark 9.12 (1) If each element of the weight w is non-negative and the order < adapted
to F,[m] is a well-order, then the above construction can be done directly in D], without
the homogenized Weyl algebra.

(2) If the weight w satisfies w; + wy,4; = 0 for i = 1,...,n, then we can work in D, [zo]" as
in Section 3 instead of the homogenized Weyl algebra. Then Theorem 9.10 holds with
the h[n]-homogenization replaced by the F,,[m]-homogenization defined by

Am|(P) =" 3 agpiwe @ tmickge gl

i=1 a,B€N"

with & := min{(w, (o, 3)) + m; | aap; # 0} for P =327, 3, senn aaﬁixo‘aﬁei.

Theorem 9.11 also holds in this case.

In the computation of the free resolution described in this section, we can employ the
method of La Scala and Stillman [21], which computes the ‘Schreyer frame’ (initial terms
of the resolution) first, then computes the resolution by a selection strategy or in parallel.
We have implemented this algorithm in kan/sm1. The examples presented so far have been
computed by using this implementation. For examples of Schreyer resolutions, see Examples
1.10 and 1.11 of [33]. By using a criterion for an adapted resolution (Theorems 2.5, 10.7)
which will be established in the next section, there is a possiblity of obtaining a smaller
adapted resolution.

10 Criterion of an adapted resolution

We use the same notation as in the preceding section. In particular, let w € Z?" be an
admissible weight vector for the Weyl algebra D,,. For a left D,-submodule N of D] and a
shift vector m € Z", we put

Fy[m]|(N) := Fym](D;) N N, gry,[m](N) := Fy[m](N)/F,;~" [m](N)

and gr,[m](N) := @rezer® [m](N). We abbreviate [m] if r = 1 and m = 0. Then gr, (D,,)
becomes a ring (more precisely, a K-algebra) and gr, [m](/N) has a natural structure of left
gr,,(D,)-module. For P € Ff[m|(Dr)\ F*m](Dr), we define o, [m](P) € gr* [m](Dr) to
be the residue class of P.

Our purpose is to give a criterion of an adapted resolution in terms of the notion of
involutive base.
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Definition 10.1 Let N be a D,-submodule of D] and take a shift vector m € Z". Then a
subset G of N is said to be an F,,[m]-involutive base of N if G generates N and {o,[m](P) |
P € G} generates gr, [m|(N) in gr,[m](D7).

The formal completion of D,, with respect to the F,-filtration is defined as the projective
limit .
D" := lim D,/F¥(D,).

k——o00

Then 57(1“’) can be regarded as a ring which contains D,, as a subring. An element P of /57(}”)
is uniquely written in an infinite sum

P=Y P

k<m

with some m € Z, where P, € D,, is homogeneous of order k£ with respect to w; i.e., P is
written in the form

Pk = Z a;mg:)so‘aﬁ.
((e,8),w)=k

More generally, >y« P, defines an element of D\,(j”) if P, € F¥(D,) for any k < m. Note

that D\T(lw) = D,, holds if and only if each component of w is non-negative.

Lemma 10.2 Under the notation and assumptions of Theorem 9.10 put

S = {(Us, ., Us) € gr, [m|(D}) | Urou[m](p(Py)) + - - + Usoru[m](p(P.)) = 0}.

v—mm;

Then for any P € S N gty [m'|(D;) with v € Z, there exist Q;; € grw '~ (Dy) such that
P =3 jer Quowm](p(Vij)), where mi; := ord,[m’](p(V;;)).

Proof: The F,[m]-filtration on (D))", the associated graded module gr,[m]((D)"),

n n

ord,[m](P), and o,,[m](P) € gr,[m]((D{)") are naturally defined, where we assign weight
0 to the indeterminate h. Then from (9.2) we get

0w(Sji) - ow[m|(F;) — 0, (Sij) - o Z Uiji - 0 [m](Fy)

with Uy := 0 (Uijr) if ord,[m](UyxPr) = ord,[m](S;; P;), and Uy, := 0 otherwise. This
implies that {o,[m](P,),...,0,[m](P,)} is a Grébner basis in gr, (D))" with respect to the
order <. (Note that the arguments of Section 9 apply also to gr,, (D))" instead of (DM)".)
Hence we get the assertion in the same way as the proof of Theorem 9.10. ||

Proposition 10.3 ﬁw 1s flat over D, as a right D,,-module.
Proof: Let I be a left ideal of D,,. It suffices to show that the natural homomorphism

L: D\ﬁlw) ®p, I — /ﬁ,(lw)
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is injective. For that purpose, let P, ..., P, be a Grobner basis of the left ideal 1) of D"
generated by {h[n](P) | P € I} with respect to an order adapted to the F,-filtration with
n = 0. Then p(P)),..., p(P,) are generators of I. Assume that Qi,...,Q, € D" satisfy

ZQZ@)p ZQZ ) = (Q1,...,Qs) - (p(Py),...,p(P,)) =0.

Put m; := ord,(p(P;)) and consider the filtration F¥m’](D?) with m’ := (my,...,my).
Then we have

ow[m'[((Q1, .-, Qs)) - (0w(p(P)), -+ ow(p(Fy))) =

Let V;; € (D,)® be as in Theorem 9.10. Put k = ord,,[m ](Ql, ..., Qs) and m;; = ord,,[m'](p(V;5)).
Then by Lemma 10.2, there exist U; € D, so that

oum]((Q1, ..., Qs)) = > 0w(U)ou[m'](p(Vi))

1<J

holds in gr,[m'|(D;) with
ordy, (U7) +mi; < k.

Put Q = (Q4,...,Qs) and
QW = (Q1,..,Qs) — Y Up(Vyy)

1<j

Then QM € (D™)* satisfies

n

QW - (p(P1),...,p(Py)) =0

and ord,,[m’](QW) < k. Continuing this process infinitely, we can find UZ-(]-V) e (D™))* such

n

that -
Q=3 Uy
1<j v=0
in (D™)* with ord,, (U )) < k—m;; —v. In particular, U;; := Y02, U ) defines an element

of D\,(j”) and satisfies

i Qr®p(P) = XS: > Uiip(Vij)k @ p(Pr)

k=1i<j

= Y Ui @Y p(Vij)rp(Pr)
i<j k=1

_—

where p(V;;)r denotes the k-th component of p(V;;). Hence ¢ is injective. This completes the
proof. |
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Lemma 10.4 Let : D)i — D=1 be a homomorphism of left D,,-modules for i = 1,2 and
assume that the sequence

D> 22, pri M1, pro (10.6)
is exact. Assume moreover that
Gi(Fylmy)(D})) C Fylmy 4 ](Dy)
for any k € Z and i = 1,2 with shift vectors m; € Z". Then (10.6) induces a complex

or, ] (D72) 25 g, [my] (D) 25 gr, [m] (DY) (10.7)

of left gr,(D,)-modules. Under these assumptions, the complex (10.7) is exact if and only
if the equalities

Im ¢, = gr,[my](Im1y),  Ker o), = gr, [my](Ker )
hold in gr,[m;](D:").
Proof: In general, we have inclusions

Im Ty C gr, fmu)(Im ), Ker,  gr, my](Ker i)

while gr,, [m;](Im ) = gr,, [m;](Ker ;) holds since (10.6) is exact. Hence we have Im ), =
Ker v, if and only if

Im v, = gr, [my | (Im 4)sy), Kerv, = gr,, [m, | (Ker ).
This completes the proof. ||

Lemma 10.5 Let N be a left Dy,-submodule of Dy, and let Py, ..., Ps be an ij\m]—involutive
base of N with m € Z". Then for any P € DN, there exist Q,...,Q, € D™) such that
P =3, QiP; and ord,[m}(Q;P;) < ord,[m](P) for each i.

Proof: Let P be an element of D\ff”)N . Then there exist Qq,...,Qs € 57(11”) such that
P =57,Q;P. Put k := ord,[m|(P), m; := ord,[m]|(P;). Choose Q; € D, such that

—

Qi — Q) € FFm=1(DW) and put P’ := S5, Q}P. Then P’ belongs to N and hence we
have o, [m](P) = o, [m](P’) € gr¥ [m]|(N). Since Py,..., P, is an F,[m]-involutive base of
N, there exist Q%O), ...,QW ¢ D, with ord,[m](Q;) < k —m; such that

P'=> QP e F:m](Dp).
=1
This implies
P-Y QP € F¥m]((D{)") N DWN.
=1

Repeating this procedure, we can find QZ(-V) € D,, with ord,, [m](QZ(V)) < k —m; — v so that

P=3>Q"P

i=1v=0

holds in (D¢))". This completes the proof. ]
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Theorem 10.6 Let N be a left D,,-submodule of DI, and let P, ..., Ps be an F,,[m]-involutive
base of N with m € Z". Then for any P € N, there exist Q1,...,Qs € D, such that
P =37 ,Q;P and ord,m|(Q;P;) < ord,[m](P) or else Q; =0 for each i.

Proof: Put ry :=r, r; := s, my := m and define a homomorphism v, : D] — D’° by
01(Q1, -, Qn) = X5y Q:P:. Then we have N = Imyy. Let P, ..., PY) be an F,[my]-
involutive base of Ker ¢y with

m; := (ord, [my](P), ..., ord,[my](F,,)).

Put
m, = (ord,[my](PY), ... ord, [m,](P}))
and define a homomorphism v, : D' — D)2 by

2

0a(Q1, -, Q) = S QP

i=1
Then the sequence
pr> 22, pri M, pro (10.8)

is exact and satisfies the assumption of Lemma 10.4. Since D\ﬁlw) is flat over D,,, the sequence
(10.8) induces an exact sequence

(D) 4 (DY) 5 (D).

Put M := (ng>)ro/ﬁg>N and let ¢ : (D)) — M be the canonical homomorphism. We
define a filtration on M by

Fi[mo] (M) := ¢(Fj[mo]((D”)™)).
We also put K = Ker 1/}2 and define a filtration on K by
Filmo)(K) := K N FSmo](D”)™).
Then we have an exact sequence
0 — K — (D) 22, (D) 24 (D)o 25 31 — 0. (10.9)
Let us show that this induces an exact sequence
0 — Fjfmy](K) — Fhmo)(DS)) =2 Fimy (D))
L FEmg] (D)) <2 F¥mo] (M) — 0 (10.10)

for any k € Z. In fact, assume P € Fj[ml]((b\l&w))rl) satisfies 1y (P) = 0. Then by the
exactness of (10.9), P belongs to the image of 15. Hence by Lemma 10.5, P belongs to
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Uy (F*[my,) (D)), Moreover, in view of Lemma 10.5 and the flatness of D) over D,,, we
have

Ker ¢ N Fi[mo)((D{”)) = DYY'N N Fylmo] (D)) = o (Fy[my ] (DS)™))
since Py, ..., P, is an F,[mg]-involutive base of N. Hence (10.10) is exact. This implies
that the induced sequence

gt [ma] (D)%) 2 g, [ (D)) 4 g, [mo (D))

n

is exact. This sequence coincides with (10.7) since gr, [m;]((D{)7) = gr, [m;](D7). Thus
Ker ¢, = gr, [m;](Ker 1) holds in gr, [m;](D’!) in view of Lemma 10.4.

Now let P be an element of N and put k := ord,,[m](P). Then there exist Q1,...,Qs €
D,, such that P = >7_, Q;F;. Put m; := ord,[m]|(P;). Suppose m := max{ord, (Q;) + m; |
i=1,...,s} > k. Put QEO) = 0, (Q;) if ord,, (Q;) +m; = m and QEO) := 0 otherwise. Then

we have
S

> Q0. [m](P) =0

i=1

in gr, [m](D!). This means that Q) := Q... , Q) belongs to Ker 1), = gr,,[my](Ker ).
Hence there exist Q' = (Q},..., Q") € Kert, such that o,[m;](Q) = Q© = o,[m](Q)
with @ := (Q1,...,Qs). Then we have

P=3 Q- Q)P ordymi](@ — Q) < ordymi (@)

Continuing this process at most m — k times, we can find Q" = (QY,..., Q) € D; such that
P =757, QP and ord,[m;](Q") < k. This completes the proof. ||

Theorem 10.7 Let ¢ : D — D=1 be a homomorphism of left D,-modules for i = 1,2
and assume that the sequence
D> 2, pri L, pro (10.11)

18 exact. Assume moreover that

¢i(Fhmg](D))) € Film;_](Dyi)

for any k € Z and v = 1,2 with shift vectors m; € Z". Let ey,...,e. be the canonical
generators of Dt and €, ... e, be those of D}2. Then the following three conditions are
equivalent:

(1) The sequence
Filma](D;?) % Film] (D) 5 Fimol(D}?)
is exact for any k € Z, and {11(e1), ..., ¥1(er )} is an F,[mg]-involutive base of Tm 1.
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(2) The sequence B -
a1, [mo] (D) = gr,, [my) (D)) 5 g, [mo] (D))
15 exact.

(3) {1(e1),...,1(en)} is an F,[mgl-involutive base of the module it generates, and
{aba(er), ... a(el,)} is an Fy[my]-involutive base of Ker 1y .

Proof: By extending (10.11) to an exact sequence
0— M — D2 pri 2 pro _, Af — 0

and considering the induced filtrations on M and M’, we easily see in view of Theorem 10.6
that (1) implies the exactness of the sequence

0 — F[me)(M') — FEmy)(D52) 22 FEm,)(D5) 5 FEmg) (D) — FE[me)(M) — 0

for any k € Z. Hence (1) implies (2). (3) implies (1) by virtue of Theorem 10.6. Hence we
have only to show that (2) implies (3). By Lemma 10.4, (2) is equivalent to

Im ¢y = gr, [my](Imy), Kerip, = gr,[m;](Ker)).

The first equality is equivalent to the fact that iy (e}),...,12(e;,) are an I, [m,]-involutive
base, and they generate Ker; by the assumption.

Let P =Y, Q11 (e;) be an arbitrary element of Im )y with Qq,...,Q,, € D,. Suppose
k := ord,[my|(P) < ordw[ml]((Ql, ..., @r)). Then the equality Kert, = gr, [m;](Ker )
assures the existence of Q' = ( ,...,Q ) € Keryy such that o,[m}(Q") = 0,[my](Q)
with @ = (Q1,..., Q). Hence we have

P = Z 1/11 6%)

with ord,[m;](Q — Q') < ord,[m;](Q). Repeating this procedure for a finite number of
times, we can find Q" = (Qf, ..., Q) € D;} such that

1
P=>"Q!i(e;)
i=1
with ord,[m;|(Q"”) < k. This implies, in particular, that 1(eq),...,1¥1(e.,) are an F,[mg|-

involutive base. This completes the proof. [
Theorem 2.5 follows from this theorem (and its proof).
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