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Abstract

We present an algorithm for computing b-functions (Bernstein-Sato polynomials)
by using Grobner bases for rings of differential operators. This algorithm computes
the generalized b-function (or the indicial equation) of a holonomic system in gen-
eral, which enables us to compute, as a special case, the Bernstein-Sato polynomial
associated with an arbitrary polynomial.

1 Introduction

Let f(x) € K[z] = K[z1,...,z,] be a polynomial of n variables with coefficients in a field
K of characteristic zero. Let us denote by

Ap(K) == Klxy, ..., 2,){01, ..., 0n), Dp(K) = K[[x1,...,2,]) (01, ..., 8y)

the rings of differential operators with polynomial and formal power series coefficients
respectively with 0; = 0/0x; and 0 = (01,...,0,). (An(K) is called the Weyl algebra
over K.)

Let s be a parameter. Then the (local) b-function (or the Bernstein-Sato polyno-
mial) b(s) associated with f(z) is the monic polynomial of the least degree b(s) € K|s]
satisfying

P(s,z,0)f(x)""" = b(s)f(x)* (1.1)
with some P(s,z,d) € D,(K)[s]. The monic polynomial of the least degree b(s) € K|s]
satisfying (1.1) with some P(s,z,d) € A,(K)[s] is denoted by bs(s). The existence of
by(s) was proved by I. N. Bernstein [Bel], [Be2], which implies the existence of by (s). Note
that by(s) divides bs(s) but by(s) and bs(s) are not necessarily identical. More generally,
the existence of bs(s) for f(x) € K|[z]] was proved by J. E. Bjork [Bj].

In this paper, we present an algorithm for, given f(x) € K|[z|, computing bs(s) and
finding a P(s,z,0) € D,(K) satisfying (1.1) with b(s) = bs(s). More precisely, our
algorithm finds a Q(s,z,0) € A,(K)[s|] and an a(z) € K[z] with a(0) # 0 such that
P(s,x,0) = (1/a(z))Q(s, z, ) satisfies (1.1) with b(s) = bs(s). Computing bs(s) and an
associated P € A, (K)[s] is slightly easier.



An algorithm of computing by (s) was first given by M. Sato et al. [SKKO] when f(z)
is a relative invariant of a prehomogeneous vector space. J. Briangon, Ph. Maisonobe
et al. [BGMM], [Mai] have given an algorithm of computing b(s) for f(x) with isolated
singularity. Also note that T. Yano [Y] worked out many interesting examples of b-
functions systematically.

Our method consists in computing the (generalized) b-function for a section of a holo-
nomic system (or more generally, a specializable D-module) via Grébner basis computa-
tion in the Weyl algebra. In general, let M be a finitely generated left A, (K )-module.
We write t = Zp41, Oy = Opy1, and 9 = (1,...,0,). Put M = 7,5”+1(K) ® A, 1K) M.
For u € M, the (local) b-function of u is the monic polynomial b,(s) € K|[s] of the least
degree, if any, satisfying

(b(td,) + tP(t,2,18,,0))(1®u) =0 in M

with some P(t, z,t;,0) € Dyt (K) (cf. [KK], [L]). We give an algorithm which computes
b,(s) and P, or determines that there is none, by using a kind of Grébner basis for left
ideals of the Weyl algebra related to a filtration introduced by M. Kashiwara [K3]. Such
Grobner bases were used by Oaku [02], [O3]. Especially we use the FW-Grobner basis
introduced in [O2]. The computation of the Bernstein-Sato polynomial by(s) is reduced
to finding the b-function b,(s) for u = (¢t — f(z)), the delta function supported by
t — f(z) = 0, as was observed by B. Malgrange [M1] (cf. also [M2], [K1], [K2]).

Our algorithm is strict (at least if K is algebraic over Q) in the sense that, given a
finite set of data, it returns an answer as a finite set of data, or else determines that
there is no answer, in a finite number of steps using a finite amount of memory in the
computation. For example, a system Kan of N. Takayama ([T3]) is available for actual
execution of our algorithm.

We could also write down an algorithmic procedure for computing b (s) even if f(z) €
K[[z]] by using the FD-Grébner basis of [O3] instead of the FW-Grobner basis. However,
this would not yield an algorithm in the strict sense as above in general.

2 Grobner bases for ideals of the Weyl algebra

In this section we recall briefly the theory and algorithm of Grobner bases for ideals of
A, (K). We fix a (total) order < of N*" with N := {0, 1,2,...} that satisfies the following
conditions:

(A-1) a = 3 implies a + v = 3+~ for any «, 3,7 € N?";
(A-2) a =0 for any o € N?".

Under the condition (A-1), the condition (A-2) is equivalent to the order < being a well-
order (cf. [CLOJ).

Let us write A, = A, (K) with a field K of characteristic zero. An element P of A, is
written uniquely as a finite sum

P= 3" auux°0°

a,BEN™
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with a5 € K, where we use the notation x® = ' ...z, 9% = ... 9, for a =
(a,...,0) and B = (0y,...,5,). Then we define the leading exponent lexp(P) and the
leading coeffcient lcoef(P) of P by

lexp(P) = max {(a,) € N*" | ans # 0},
lcoef(P) = an.p with (o, 3) = lexp(P),

where max _ denotes taking the maximum element with respect to the order < (we assume
P #0). Let I be aleft ideal of A,,. Then the set E(I) of leading exponents of I is defined
by

E(I) :={lexp(P) | P € I\ {0}} c N*".

Definition 2.1 (Grobner basis) A finite subset G of a left ideal I of A, is called a
Grobner basis of I (with respect to the order <) if

E(I) = U (lexp(P) + N2")

holds. (Then G generates 1.)

The algorithm of computing a Grébner basis (i.e. the Buchberger algorithm [Bu])
consists of computing division (or reduction) and S-polynomials (or operators).

Lemma 2.2 (division) For P, Py,..., P, € A, there exist Q1,...,Qk, R € A, such that

N k
P=> Q:P,+R, lexp(R) & | (lexp(P;) + N*")

i=1 i=1

and that, for each i, lexp(Q;P;) = lexp(P) if Q; # 0. Moreover, there is an algorithm
(the division, or the reduction algorithm) of computing Q1, . .., Qx, R.

In general, for vectors a = (aq,...,ay,) and 8 = (B1,. .., On) in N, we put
aV f = (max{a, 41}, ..., max{am,, Bn})-

Definition 2.3 (S-operator) For P, € A,, put lexp(P) = («a,) and lexp(Q) =
(o, 3). Then the S-operator of P and @ is defined by

sp(P, Q) := lcoef(Q)xﬂvﬁlfﬁaaVaLaP _ lcoef(p)mﬁVﬂ’*ﬁ’aa\/aLa’Q.

Theorem 2.4 ([G], [C], [T1], [KW]) Let G = {P,..., P} be a finite subset of A,
which generates a left ideal I of A,,. Then the following two conditions are equivalent:

(1) G is a Grobner basis of I;
(2) For anyi,j € {1,...,s} withi < j, there exist Qij1, ..., Qijx € An so that
k
sp( P, Pg) = Z Qijel
=1
and that Q;je = 0 or lexp(Qie ) < lexp(P;) V lexp(P;) for each {.
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The condition (2) of this theorem provides the Buchberger algorithm of computing a
Grobner basis from a given set of generators.

Proposition 2.5 Let {P,..., P} be a Gréibner basis of a left ideal I of A, 1. Then for
P € A,, P belongs to I if and only if there exist Q1, ..., Q) € A, such that P = Y% | Q;P;
and that lexp(Q; P;) < lexp(P) if Q; # 0 for each i.

The following theorem can be proved in the same way as its counterpart in the poly-
nomial ring ([CLO],[BW],[E]):

Theorem 2.6 Let G = {P,,..., Py} be a Gréobner basis of a left ideal I of A,,. Take Qije
satisfying the condition (2) of Theorem 2.4. Put lexp(P;) = (o, 3%) and

Sji — 1coef(Pi)xg(i)vﬁ(j)_,3(i)aa(i)\/a(ﬁ_a(i)7
; (i) () .
V;] = (0775]177_Szj770)_(QZ]177Q’Lj/€) € (An> .

Then the syzygy module
k
S(Pr,..., Pe) = {(Qu,...,Qx) € (A4)" | > Q;P; = 0}
j=1
is generated by {Vi; | 1 <i<j <k}.

3 Grobner basis and homogenization with respect to
a filtration

Fixing a field K of characteristic zero, we put

An+1 = An+1(K) = K[t,a:l, e ,xn](ﬁt,ab Ce ,8n>,

Dyi1 =Dpi(K) = K[[t,z1,...,2,)](0,01,...,0,)

with 9, := 0/0t and 9; = 0/0x;. Put Y = {(t,x) € K™ | t = 0}. We use a filtration
(V-filtration) with respect to Y introduced by Kashiwara [K3] for the study of vanishing

~

cycle sheaves (cf. also [L], [LS]). An element P of A, (or of D,,;1) is written in the form

P = > Ao pt" 770,70 (3.1)

w,v>0,0,BEN™

For each integer m, define K-subspaces of A, and of f?nﬂ respectively by

Fo(An) = {P= Z am,,@ﬂt“xo‘@t”@ﬁ €Apti | aypap=0if v —pu>m},
v, B

Fp(Dnt1) = {P= Y Guuapt"a®0/0° € Dot | ypap =0if v — > m}.
IR N



For a nonzero element P of D, 1, we define the F-order ordp(P) of P as the minimum
integer m that satisfies P € Fm(f)nH). When the F-order of P in the form (3.1) is m, we
put
6(P)=6,(P):= Y auiast'c®0;d’
v—pu=m

and call it the formal symbol of P along Y (cf. [LS]). We have ordp(PQ) = ordr(P) +
ordp(Q) and 6(PQ) = 6(P)6(Q) for P,Q € Dy1.

Now let <p be an order on N?"*2 which satisfies (A-1) (with n replaced by n+1) and

(A-3) if v —pu >V —p/ then (p,v,, ) =p (W, V), 3);
(A-4) (p, 1,0, ) = (0,0,0,0) for any € N and o, 3 € N,

The condition (A-3) implies that < is not a well-order. However, the definitions in the
preceding section apply to this order <. The only difficulty is that Lemma 2.2 does not
hold in general. Let us denote by lexpp(P) € N?"*2 lcoefp(P) € K the leading exponent
and the leading coefficient of P € A, 41 \ {0} with respect to < respectively. The set of
leading exponents Er(I) C N*"*2 is defined in the same way.

Definition 3.1 (FW-Grobner basis) A finite set G of generators of a left ideal I of
A,y is called an FW-Grobner basis of I if we have

E(I) = PUG(lexp(P) + N#2),

Since we do not have division algorithm, the Buchberger algorithm does not work
directly. In order to bypass this difficulty to obtain an algorithm of computing FW-
Grobner bases, we use the homogenization technique.

Definition 3.2 For i, j, p, v, 1/, € N and «, 3,0/, 3 € N", an order <y on N?"*3 is
defined by

(’i,/,L, V,Oé,ﬁ) ~H (jauluyl705laﬁ/> if and Only if (Z >.]) or (Z:] and
(p+Llv,a,B) =p (W +0,V,a,3))
Or(i:j7V:V/7a:a/75:/8/7l’[/>l’[//)
with ¢,/ € N such that v — y — ¢ = v/ — y/ — ¢'. This definition is independent of the

choice of £, ¢' in view of the condition (A-1).

Lemma 3.3 (1) <y is a well-order.

(2) If v —pu—i=v —u —j, then (i,p,v,a,3) =g (J, 1, v, a,3) if and only if
(H, l/,()z,ﬁ) ~F (Nlaylva/7ﬁ/)'



Proof: (1) It suffices to show (i,u,v,a,3) =g (0,0,0,0,0) for any i, u,v € N and
a, 8 € N™. Since this is obvious when ¢ > 0, let us assume ¢ = 0. Take ¢,¢ € N so that
v—pu—{=—{. Then we have

(M+€_€,7V7a7/3):(y7y7a7ﬁ)EF(()?O?O?O)

by (A-4). This implies (u + ¢, v,c, ) =r (£,0,0,0) in view of (A-1). Hence we have
(0, v, a0, B) = (0,0,0,0,0) by definition.

(2) Assume v — p—i =1v"— i/ — j. Then we have v — pu > v/ — y/ if and only if i > j.
If i = j, we can take ¢ = ¢’ = 0 in Definition 3.2. The assertion (2) follows from these
facts combined with (A-3) and the definition of <p. This completes the proof. O

For a nonzero element P = P(xg) of A,yi[zo], let us denote by lexpy(P) € N2+3
and lcoefy (P) € K the leading exponent and the leading coefficient of P with respect to
=< p respectively. The set Ey(I) of leading exponents of a left ideal I of A,.;[zo] is also
defined.

Definition 3.4 (F-homogeneity) An element P of A, 1[zo] of the form

P= 3" Giuyapsrot'z®0;0’

i7u7y7a7ﬁ

is said to be F-homogeneous of order m if a;,,,.4,3 = 0 whenever v — p — 7 # m.

Definition 3.5 (F-homogenization) For an element P of A, of the form

P= 3 auapt'z®0/0’,

V503

put m = min{v — p | auap 7# 0 for some a, 5 € N*}. Then the F-homogenization
Ph e A, 1]xg] of P is defined by

h v—p—m a Qv
P'= 3" auyapre 0000
wovso B

P" is F-homogeneous of order m.

The following two lemmas follow from the Leibniz rule for the product of differential
operators.

Lemma 3.6 If P,() € A,.1[xo] are both F-homogeneous, then so is PQ).
Lemma 3.7 For P,Q € A, .1, we have (PQ)" = P"Q".
The following lemma is an immediate consequence of the definition.

Lemma 3.8 For Py,..., P, € A,y1, put P = Py+...+P;. Then there exist {,{,... 0 €
N so that
xOZPh = ,I‘Ozl (Pl)h + ...+ x0£k<Pk>h.



Let us define @ : N3 — N?"*2 by (i, u, v, o, 3) = (u, v, v, 3).

Lemma 3.9 (1) If P(xy) € Anii1[xo] is F-homogeneous, then we have lexpp(P(1)) =
w(lexpy (P(z0))).

(2) For any A1, we have lexpp(P) = w(lexpy (P")).
Proof: (1) follows from (2) of Lemma 3.3. (2) follows from (1) since P"*(1) = P. O

Proposition 3.10 Let I be a left ideal of A,i1[xo] generated by F-homogeneous oper-
ators. Then there exists an H-Grébner basis (i.e. a Grébner basis with respect to <p)
of I consisting of F-homogeneous operators. Moreover, such an H-Grobner basis can be
computed by the Buchberger algorithm.

Proof: Since < is a well-order, the arguments in Section 2 apply. Hence we have only to
verify that taking the S-operator and computing division both preserve the F-homogeneity.
This follows from Lemma 3.6. O

Proposition 3.11 Let I be a left ideal of A1 generated by Py, ..., P; € A,1. Let us
denote by I" the left ideal of A,y 1[x0] generated by (P))", ... (Py)". (Here I" is not defined
uniquely by 1.) Let G = {Q1(x¢), ..., Qr(x0)} be an H-Grébner basis of I" consisting of
F-homogeneous operators. Then for P € A, the following two conditions are equivalent:

(1) Pel;
(2) there exist Uy, ..., Uy € A,y such that P = Z?Zl U;Q,(1), and that for each j =
ook, Texpp(U3Q,(1) <p lexpp(P) if Uy £ 0.

Proof: Assume P € I. Then there exist V;,...,V; € A,41suchthat P = Vi P +.. 4V, P,.
Then by Lemmas 3.7 and 3.8, there exist ¢, ¢1,...,¢; € N such that

fL’OZPh(ZEo) = Zlfoél (‘/i)h(l'0>(P1)h(l'0) + ...+ l‘ogd(vd)h(l‘o)(Pd)h(l'o) € Ih.

Hence by Proposition 2.5 there exist F-homogeneous U (zy), ..., Ug(xo) € Any1[xo] such
that

IOZPh(ZL‘Q) = Ul(l'o)Ql(l'o) + Ce + Uk(l'o)Qk(ZL‘[))

and that lexpy (U;(20)Q;(w0)) =<u lexpy (2P (x0)) for each j with U;(zg) # 0. Setting
xo = 1, we see that (2) holds in view of Lemmas 3.3 and 3.9.

In order to prove the inverse implication, it suffices to show that each @;(1) belongs
to I. Since Q;(z) € I", there exist Vi (xy),. .., Va(zo) € Any1[zo] such that

Q;(w0) = Vi(wo)(P1)" (o) + - . . + Va(wo) (Pa)" (o).
Hence we get @Q;(1) € I setting o = 1. This completes the proof. O

Theorem 3.12 G(1) :={Q:(1),...,Qr(1)} is an FW-Grébner basis of I under the same
assumptions as in Proposition 3.11.



Proof: In view of Proposition 3.11, G(1) generates I. Let P be an arbitrary element of
I. Then it suffices to show that

k
lexpp(P) € U (lexpp(Q;(1) + N*"*2),

Since P € I, we can take U; satisfying the condition (2) of Proposition 3.11. Then we
have

lexpp(P) = lexpp(U;Q;(1)) = lexpp(U;) + lexpy(Q;(1)) € lexpy(Q;(1)) + N2
for some j. This completes the proof. O

Theorem 3.13 Under the same assumptions as in Proposition 3.11, there exist, for any
i,j €{1,...,k} with i < j, F-homogeneous U;j1(x), ..., Uir(zo) € Anyi[zo] so that

sp(Qi(o0), Qj(w0)) = Sji(w0)Qi(w0) — Si(0)Q;(x0) ZUUEQZ (z0), (3.2)

where Sji(xo) is defined in the same way as Sj; in Theorem 2.6, and, for each ¢, we have

lexpp (UijeQe(x0)) < lexpp(Qi(wo)) V lexpp(Qj(wo)), if Uije(zo) # 0. Put

5 i) )
Vij(xo) = (0, ... ,Sﬂ((xo), oy =8i(0), -, 0) = (Uiji (o), - - -, Ui (z0)) € (Apgr[mo])".

Then the syzygy module

S(@Q1(1), ., Qk(1)) == {(U1, ..., Ux) € (Ans1)" | ZUeQz = 0}

is generated by {Vi;(1) |1 <i < j <k}.
Proof: The first assertion follows from Theorem 2.4. Suppose
(Ury..., Uy) € S(@1(1), ..., Qu(1)).
Then in view of Lemmas 3.7 and 3.8, there exist /1, ..., ¢, € N such that
20" (U) " (20) Q1 (0) + .. . 4+ 2™ (Up)"(20) Q(20) = 0.

Hence by applying Theorem 2.6 to the order <y, there are W;;(xy) € A, 41[zo] such that

(20" (U1)"(0), - . ., mo™ (Ur)"(w0)) = > Wij (o) Vi (o)

1<j

This completes the proof by setting zo = 1. O



Definition 3.14 Let P be a NONZEro element of A, (resp. ﬁn+1) of F-order m. Then
we define ¢(P)(s) € A,[s] (resp. D,[s]) by

Go(t™P) = Y(P)(td;) it m >0,
G0(07™P) = (P)(td,) it m < 0.

The cause of our use of F'W-Grobner basis lies in the following theorem:

Theorem 3.15 We use the same notation as in Proposition 3.11. Let 1»(I) be the left
ideal of Ay[s] generated by the set {(P)(s) | P € I N(Fy(Aps1) \ Fo1(Ans1))}. Then
W(I) is generated by Y(Qu(1)), ..., ¥(Qu(1).

Proof: By definition it is easy to see that ¢(Q;(1)) € ¢(I) for j = 1,..., k. Suppose
PeIn(Fy(Ani1) \ Fo1(Anyr)). Let Uy, ..., Ux € A,q be as in Proposition 3.11. Let
Q;(1) be of F-order m;. Then the F-order of U; is not greater than —m;. Hence we can
take U € Fy(Ani1) such that 6, (U;) = UjS;, where S; = t™ if m; > 0 and S; = 0y ™
if m; < 0. Then we have

k k
(P)(t0) = D 60(U;Q5(1)) = Y G, (Uj)Gm, ( Z ))(t0%).-
J=1 J J=1
This completes the proof. O
What is more crucial in the application of FW-Grobner bases to the D-module theory

is that this theorem can be localized as follows:

Theorem 3.16 In the same notation as Theorem 3.15, let T = Dn+1] be the left ideal of
Dy generated by I. Let ¢(I) be the left ideal of Dyls] generated by the set {y(P)(s) |

P € I (Fy(Di1) \ Fy(Doir))}. Then $(Z) is generated by (Qu(1)), . ., (Qu(1)).

Proof: We use the same notation as in Theorem 3.13. In general, for a nonzero element
P = P(xg) of A,i1][z0], let us denote by oy (P)(xy) the highest degree part of P with
respect to xy. Then we have 6(P(1)) = og(P)(1). By taking the maximum degree parts
with respect to zo in the both sides of the equation (3.2) of Theorem 3.13, we know that
{ou(Q1)(x0),...,0m(Qk)(x0)} is an H-Grobner basis of a left ideal of A, 11[zo].

Let Q;(1) be of F-order m; and set m;; = v — p with (p, v, o, 3) = lexpp(Qi(1)) V
lexp(Q5(1)). Put

(2)

o ()
V}?(ﬂﬁo) = (0,...,0m(S;)(%0), - - -, —ou(Si)(x0), ..., 0) — (U{}l(xo), Tt Uiojk(%))'

Here we put Up,(z0) := o (Usje)(xo) if ordp(Ue(1)Q5(1)) = my; — my, and otherwise
U%K(xo) = 0. Hence by applying Theorem 3.13 to o5 (Q;)(zo), we know that the syzygy

module S(6(Q1(1)),...,6(Qx(1))) is generated by VY := {\_/;9(1) | i < j}. By virtue of
the flatness of T)n+1 over A,.1, this implies that the syzygy module

§ = (U, U0) € Pus)* | L U(Q(1) =0)
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is also generated by V over 15,1“ )
Now suppose P € T N (Fo(Dypy1) \ Foa( n+1))- Then there exist Uy, ..., U, € Dyiq
such that

P=U0Q:(1)+ ... + UpQx(1).

Put m := max{ordp(U;Q;(1)) | 7 = 1,...,k}. Our aim is to show that we can choose
Ui, ...,Ug so that m = ordp(P). For this purpose, assume m > ordp(P). Put UJQ =
Om-m,(U;). Then we have (U?,...,Uy) € S. Hence there exist F-homogeneous W;; €
ZA)nH such that

vy, .. =Y W,V

1<J

Define Ul, ..., U} € D,41 by

(Ui, Up) = 3 WiV (1),

i<j

Then we get

P= U —-U)Q:i(1)+ ...+ (U, — U)Qr(1).
We also have ordp((U; — Uj)Q;(1)) < m since 6mm,(Uj) = Gm-m;(U]). By using this
argument repeatedly, we can choose Uy, . .., Uy, € D,y such that P = Z?;l U;Q,(1) and
that ordp(U;Q;(1)) < ordp(P) for any j. Hence we know, by the same argument as in the

proof Theorem 3.15, that ¢(Z) is generated by ¥(Q1(1)),...,1¥(Qx(1)). This completes
the proof. O

Remark 3.17 Theorems 3.15 and 3.16 hold with {Q;(1),...,Q1(k)} replaced by an ar-
bitrary FW-Grébner basis of I. To prove this, we have only to develop a theory of
FW-Grébner basis by using the ‘truncated division” with respect to the filtration as in

03).

4 Computation of the b-function of a D-module

We retain the notation in the preceding section. Let M be a finitely generated left A, .-
module and u a nonzero element of M. In the sequel, we assume that a system of the
equations for u is given explicitly; i.e., we assume that a finite set of generators of a left
ideal I of A, 1 is given so that A, ju~ A, /I

More generally, if a presentation of M and a representation of w is known, i.e., if
generators of a left A, i-submodule N of (A,.1)" is given so that M ~ (A, ;)" /N, and
also given is an element U € (An41)" such that u corresponds to the modulo class of U
by the above isomorphism, then there is an algorithm to find generators of the above [
by computing syzygies by means of (a generalization of) Theorem 2.6.

Put M := D41 ®a,,, M and T := D,;,I. Then we have D, 1(1 ® u) ~ D,,/Z.
The b-function b,(s) of w is the monic polynomial, if any, b(s) € K[s] of the least degree
satisfying

(b(td,) + P)(1®u) =0 in M (4.1)
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with some P € F_1(D,+1). Note that (4.1) is equivalent to b(t9d;) + P € Z.

The existence of the b-function in this sense was proved by Kashiwara-Kawai [KK],
Laurent [L] when K = C and M is holonomic. Our purpose here is to present an
algorithm to determine whether there exists such nonzero b(s), and if it does, to find
b,(s) and an associated P.

Now let M, u, I be as above and let G = {Q1(x0), ..., Qk(zo)} be an H-Grobner basis
of I" consisting of F-homogeneous elements as in the preceding section. Let ¢(I) and
Y(T) be left ideals of A,41[s] and of D,1[s] respectively defined in Theorems 3.15 and
3.16. Then 9 (I) and ¥(Z) are both generated by ¥(G(1)) := {(Q1(1)), ..., (Qk(1))}.

Let < be an order on N?"! satisfying (A-1), (A-2) (with 2n + 2 replaced by 2n + 1)
and

(A-5) if |B| > |F|, then (u, «, B) = (i, /., 3") for any u, ' € N and a, 8, ¢/, 3" € N™.
In particular, if the order <p satisfies, in addition to (A-1), (A-3), (A-4),

(A-6) if v—p = v/~ and 8] > | '], then (1, v, @, B) = (1, v/, o/, ) for amy p, v, v/ €
N and o, 8,0/, 5 € N,

then the order <z on N?"*! defined by

(Maaaﬁ) >~ F (,Ulaalvﬁ/) — (M7ﬂ70576) ~F (M/7ul7@/7/6/)

satisfies (A-1),(A-2),(A-5).

For an element P of A,[s] (resp. D,[s]), its order ord(P) is defined to be the usual
order with respect to 9, and the principal symbol o(P) € K|[z,&, s] (resp. K[[z]][, s]) is
defined also in the standard way with £ = (&1,...,&,).

Theorem 4.1 Let o(1)(I)) and o(¢(Z)) be ideals of K[x,&, s| and of K[[z]][€, s| generated
by {o(P) | P € ¥(I)} and by {c(P) | P € ¥(Z)} respectively. Let H be a Grobner
basis of V¥(I) with respect to an order < on N*"*1 satisfying (A-1), (A-2), (A-5). Then
o((I)) and o(¥(Z)) are both generated by o(H) := {o(P) | P € H}. In particular,
if the order <p satisfies (A-6) in addition to (A-1), (A-3), (A-4), then we can take

o (H(G(1)) = {o(B(Qu(1), .., o (b(Qu(1))} as H.

Proof: The first assertion can be proved in the same way as Theorem of [O1]; one has
only to modify its proof by adding a parameter s. The last statement amounts to saying
that ©(G(1)) is a Grobner basis with respect to <. In fact, (A-6) and Proposition 3.11
guarantee that this is the case. O

Corollary 4.2 In the same notation as in Theorem 4.1, put J = (1) N K|z, s] and
J = ¢(Z) N K|[z]][s]. Then J and J are both generated by o(H) N K[z, s] as ideals of
Kz, s] and of K|[[z]]|[s] respectively.

Corollary 4.3 The b-function of u is the monic generator of J N K|s| if it is not the
zero ideal. If J N K[s] = 0, then the b-function does not ezist.
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At this stage, the problem has become one in commutative algebra. Hence the argu-
ments below should be more or less standard. To be general, let J be an ideal of K|z, s]
whose generators are given explicitly and put J = K[[z]][s]J. Our purpose is to compute
J N K[s]. (JN K|s] is computed easily through the elimination by Grobner basis.)

The following lemma is a consequence of the faithful flatness of K[[z]] over K|x]o:

Lemma 4.4 Let Klx|y be the localization of K [x] with respect to the maximal ideal gen-
erated by x1,...,x,. Put J = K|x]o[s]J. Then we have J N K[s] = J' N K][s].

Thus we can compute J N K s] by using the Grobner basis computation in the poly-
nomial ring and factorization in K[s| in the following steps (we denote by K the algebraic
closure of K):

Algorithm 4.5 Input: a set of generators fi(z,s),..., fx(z,s) of J:

(1) Determine whether there exists, and find if any, some g(x,s) € J such that its
leading coefficient with respect to s does not vanish at = 0; This can be done,
e.g., as follows (one can use, instead of the homogenization below, Mora’s tangent
cone algorithm ([Mo])):

(a) Let (f;)"(xo,z,s) be the homogenization of f;(z, s) with respect to x; i.e., (f;)"
is homogeneous with respect to 2o and x, and (f;)"(1,z,s) = fi(z, s);

(b) Let > be an order on N x N x N" > (7, u, ) with (¢, u, ) corresponding to
To'stz®. Assume > satisfies (A-1), (A-2) and (i, u,) > (j,v,0) if u > v or
(u=vandi>j);

(c) Let {g1(xo,,5),...,g9-(x0,2,5)} be a Grobner basis of the ideal generated by
(f)R, ..., (fx)" with respect to >.

(d) Let g(x,s) be one of g;(1,z,s) with the property above; if there is no such
g(x,s), then quit (there is no b(s));

(2) Compute the monic generator fy(s) of the ideal J(0) of K[s] that is generated by
f1(0,8), ..., fr(0,s) by Grébner basis or GCD computation; if fo(s) = 1, then put
b(s) := 1 and go to (6);

(3) Compute the factorization fo(s) = (s — s1)"* ... (s — s,)"™ in K[s];

(4) Put J := K|z, s]J. For each i = 1,...,m, determine the least integer ¢; = ¢ > 0
satisfying h(z, s)(s — s;)¢ € J with some h(z,s) € K|z, s] such that h(0,s;) # 0, or
else determine that there is no such ¢; This can be done by computing ideal quotient
and saturation via Grobner bases as follows (cf. [BW], [CLO], [E]):

For 7 :=1 to m do

(a) Compute a set of generators G; of the saturation J : (s — ;) by means of
Grobner basis;

(b) Determine whether there is some h(z,s) € G; such that h(0,s;) # 0; if there
is no such h, then put ¢; := oo and quit (there is no b(s));
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(c) By computing the ideal quotient J : (s — s;)¢ for £ = p;, p; + 1, ... repeatedly,
determine the least £ > y; such that J : (s — s;)* contains an element which
does not vanish at (z,s) = (0, s;). Denote this ¢ by ¢;;

(5) Put b(s) := (s — s1)% ... (s — s)"™; we have b(s) € K|s];

(6) Compute Jy := (J : b(s)) N K[z] by Grobner bases and find an element a(z) € Jy
such that a(0) # 0; Such a(x) exists;

(7) Find by division ¢;(x, s), ..., q(z,s) € K[z, s| such that
a(x)b(s) = qu(x, s) f1(z,8) + ...+ (@, 5) fi (2, 5).
Output: b(s),a(x),q(z,s),...,q(x,s); then b(s) is the monic generator of J N K]s].
Theorem 4.6 The above algorithm is correct.

Proof: Let us first show the correctness of step (1): This is a parameter version of
standard basis computation by homogenization (cf. [La]). Let lexp(f(x¢)) be the leading
exponent of f(zg) € K|z, z, s| with respect to >. Then the condition for g stated in the
step (1) is equivalent to lexp(g") = (i, u,0) with some 4, € N. Thus g can be chosen
from, if any, ¢;(1,z,s),...,¢,(1,z,s). If such g does not exist, we have J N K[s] = 0 since
a nonzero element of J N K|s| would satisfy the desired property.

Hence in the sequel, we assume that g(x, s) of step (1) exists. Suppose ¢; < oo for any
i and put Q := J : b(s). Put

V(Q):={(x,s) € I | f(z,8) =0 for any f € Q}.

Then we have

V(Qn ({0} xK) ¢ V()n({0} xK)
= {0.9)[s€ R, fi(0.5)=... = fi(0,5) = 0}
{(0,51), ... (0.5)}. (12)

Moreover, we have h;(x,s)(s — s;)% € J, and hence h;(z,s) € Q, with some h;(x,s) €
K|z, s] such that h;(0, s;) # 0. This implies, together with (4.2), that V(Q)N ({0} x K) =
(). In addition, there exists g(z,s) € J C @ whose leading coefficient with respect to s
does not vanish at = = 0. Hence in view of, e.g., the extension theorem of [CLO, p. 162],
there exists some a(x) € QN K|x] with a(0) # 0. This implies a(z)b(s) € J. In particular
b(s) belongs to J' N K|s] with J = K|[z]o[s].J.

Let us see that b(s) generates 7 NK[s]. If f(s) belongs to J NK[s], then h(z)f(s) € J
with some h(z) € K[x] with h(0) # 0. Hence (s — s;)% divides f(s) by the definition of
¢;. Tt follows b(s) divides f(s). It also follows that J' N K|s] = {0} if ¢; = oo for some i.

We have to show b(x) € K[s]. Put L := K(s1,...,8,) C K and let 1,wy,...,w,
be a basis of L over K and define 7(c) := ¢y for ¢ = ¢ + cjwy + ... + cw, € L with
Co,C1y- -, ¢, € K. We extend 7 to the mapping of L[[z]][s] to K[[z]][s]. Note that b(s) €
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L[s] N L[z]o[s]J since the Grobner basis computation does not require field extension.
Hence we have

b(S) - QI(J:7 S)fl(xa S) +...t Qk($7 S)fk(xv S)
with some ¢;(z,s) € L[[z]][s]. It follows

m(b(s)) = m(qu(x, s)) [z, 8) + .+ 7(qe (2, 8)) fu(x, 5) €
and hence 7(b(s)) € J’ by Lemma 4.4. Thus b(s) divides m(b(s)) in L[ ]. Hence both
) =

are monic and of the same degree, we have b(s m(b(s)) € K[s]. Thus we can take
a(x) € J : b(s) C K[x] such that a(0) # 0.

Finally, the inequality ¢; > p; follows from b(s) € J(0) = (fo(s)). This completes the
proof. O

Now let us turn to the computation of P associated with b,(s). By detecting the
FW-Grobner basis computation and the Grobner basis computation corresponding to
Theorem 4.1, we obtain P; € I such that ¢(FP;) = fi(z,s) in the above notation. Let the
F-order of P; be m;. By using outputs of Algorithm 4.5, put

P :=b(td;) — > ai(w,t9,)S; P,

1
a(r)
where S; :=t"™ if m; > 0and S; = 0, " if m; < 0. Then we have P € F_l(f)nﬂ) and
(b(td;) — P)(1 ® u) = 0. How to find a ‘good’ P, e.g., of minimum order with respect to
0, remains unsolved.

5 Computation of the Bernstein-Sato polynomial

We retain the notation in the preceding sections. Let f(x) € K[z| be a polynomial
with f(0) = 0. (One can suppose f(z) € K[[z]] with f(0) = 0 in the argument below
except for the algorithm.) The following argument is due to Malgrange ([M1]). Put
L = K[[z]][f7, s]f*, where we regard f* as a free generator. Then £ has a structure of
left D, [s]-module defined by

9i(g(s)f"f°) = (gg( )7+ (s —m)g(s )aff—m 1>f (i=1,...,n)

for g(s) € K[[z]][s] and m € N. Moreover, £ has also a structure of left D,.;-module
defined by

t(g(s)f*) =g(s + DFH, Olg(s)f*) = —sg(s = 1) f*"
for g(s) € K|[[z]][f~!,s]. We can make an element a(t) € K[[t]] operate on g(s)f* since
f(0) = 0. It is easy to see that

—0it(g(s)f*) = sg(s)f* for any g(s) € K[[z]][f~", s, (5.1)
(t— f(z))f*=0,
<a+ai( )8t>f5:0 (i=1,...,n). (5.3)
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Put NV = f)n[s]fs and M := f)nﬂfs. Then we have inclusions N C M C L in view
of (5.1). The following lemma is same as Lemme 4.1 of [M1]:

Lemma 5.1 Put

I := An+1(t — f(x)) + i An+1 (81 + af&) .

i=1 8w,
Then the left ideal T = @nHI of @nﬂ 1s mazimal.
Proposition 5.2 M is isomorphic to f)nH/Z.

Proof: Put Z' := {P € D,y | Pf* = 0}. Then we have M ~ D,,,/I’. Since
M > f* # 0,7 is a proper ideal. The equations (5.2), (5.3) imply Z C Z'. Since 7 is
maximal, we must have Z' = Z. This completes the proof. O

Corollary 5.3 For P(s) € D,[s], we have P(s)f* =0 in N if and only if P(—dt) € T.

Proof: In view of (5.1), we have P(s)f® = P(—0:t)f°. Hence the assertion follows from
Proposition 5.2. O

The (local) b-function (Bernstein-Sato polynomial) bs(s) of f(z) is the monic polyno-
mial of the least degree b(s) € K|[s] satisfying

P(s,z,0)f™ =b(s)f* in N 4)

(5.4
with some P(s) € Dy[s]. The monic polynomial of the least degree b(s) satisfying (5.4)
with some P(s) € A,[s] is denoted by b(s). Such by(s), and hence bs(s) also exist (cf.
[Bel], [Be2], [Bj], [K1]). By definition bs(s) divides by(s).
In view of Corollary 5.3, the equation (5.4) is equivalent to

Since t — f € Z, this is also equivalent to

b(—@tt) - P(—att, xZ, a)t € I,

and we have P(—0it,x,0)t € F_1(Dp41). On the other hand, suppose b(s) € K[s] and

~

Q € F_1(D, 1) satisfy
(b(td,) —Q)f =0 in M.

Expanding @ in the form
Q= i Qum(z,t0, 0)t™,
put "
§Q) = > Qula—s =10}

Note that p(Q) is well-defined as an element of D,[s] since f(0) = 0. Then we get, in
view of Corollary 5.3,

(b(—s — 1) = p(Qf)f* =0 i N
In conclusion, the computation of by(s) and an associated P(s) € Dy[s] of (5.4) can
be done as follows:
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Algorithm 5.4 Input: f(z) € K|x];

(1) Letting I be the left ideal of A, ;1 generated by t — f and 0; + (0f/0x;)0; (i =
1,...,n), compute an FW-Grobner basis G of I via F-homogenization;

(2) Compute a Grobner basis H of the left ideal generated by ¢(G) := {¢(P) | P €
G} with respect to an order satisfying (A-1), (A-2), (A-5); In the course of this
computation, find Py, ..., P, € G such that HN K[z, s| = {¢(P1), ..., ¥ (Pn)};

(3) Compute the outputs b(s) € Kls],a(x) € Klz],q1(x,s),...,q:(x,s) € Klz,s| of
Algorithm 4.5 with H N Kz, s| as inputs;

(4) Put Q := a(x)b(tdy) — X, qi(x,t0,)S;P; € F_1(Apy1), where S; := t™ if m; =
ordp(P;) > 0 and S; := 0,”™ otherwise;

Output: bs(s) := b(—s —1) and P(s) := (1/a(x))p(Q).

Remark 5.5 (1) The step (1) of Algorithm 4.5, which is called in the above algorithm,
can be skipped since the existence of bs(s) is assured by Bernstein ([Be2]).

(2) If K is a subfield of C, the fact that the roots of bs(s) are rational (Kashiwara [K1])
makes the steps (3) and (4) of Algorithm 4.5 considerably easier since there is no
need of field extension.
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